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1.  INTRODUCTION 


1.1  Object  and  Scope  of  Investigation 

This  report  Is  one  of  a  continuing  series  of  reports  written  as 
part  of  the  investigation  of  multiple -panel  reinforced  concrete  floor  slabs 
which  is  currently  being  conducted  at  the  University  of  Illinois.  The  floor 
slab  investigation  has  as  its  over-all  objective  the  development  of  a  unified 
design  procedure  for  floor  slabs.  • 

A  floor  slab  consists  essentially  of. a  continuous  plate  supported 
on  columns .  If  supporting  beams  are  placed  so  that  they  span  between  columns 
the  beams  act  to  stiffen  the  .structure  an$  to  enhance  the  load-carrying 

•V  , 

capability  of  the  structure.  Structures  without  beams,  excepting  spandrel 
beams,  are  termed  either  flat  slabs  or  flat  plates  depending  upon  whether  the 
tops  of  the  supporting  columns  are  flared  to  form  column  capitals.  The  slabs 
with  supporting  beams  are  termed  two-way  slabs. 

The  current  design  specifications,  for  slabs  contained  in  the  ACI 
Building  Code  (l)*  treat  the  two  types  of  construction  in  entirely  different 
approaches.  An  extensive  discussion  of  the  design  of  flat  slabs  and  plates 
is  given  while  the  design  of  two-way  slabs  is  treated  briefly  in  a  separate 
chapter. 

The  total  moment  capacities  provided  by  the  two  methods  of  design 
are  quite  different.  For  example,  for  a  square  interior  panel  of  a  flat  slab 
the  total  moment  provided  is 

Mq  =  O.OSWLF 

where  W  «  the  total  load  on  the  panel, 

*  Numbers  in  parentheses  refer  to  entries  in  the  bibliography. 
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L  -  the  span, 

c  =  the  effective  support  size,  and 

F  =  1.15-c/L,  hut  not  less  than  one. 

For  a  square  interior  panel  of  a  two-way  slab  the  total  moment  provided  is 
O.15WL  which  is  120  percent  of  the  static  moment  of  0.125WL.  For  a  ratio  of 
c/L  of  zero  the  two-way  sl?b  would  provide  145  percent  of  the  moment  provided 
by  the  flat  slab.  Conversely,  the  flat  slab  would  provide  83  percent  of  the 
static  moment  and  69  percent  of  the  moment  for  the  two-way  slab.  For  ratios 
of  c/L  of  0.15  and  larger  the  flat  slab  is  required  to  carry  only  72  percent 
of  the  static  moment.  The  fact  that  the  two  methods  lead  to  such  differences 
in  required  moment  capacity,  and  hence  amounts  of  reinforcing  steel,  results 
in  the  anomalous  situation  that  the  inherently  stronger  two-way  system  is 
economically  Justifiable  only  for  light  design  loads  for  which  thickness 
limitations  govern  the  design  of  flat  slabs. 

The  reasons  for  the  differences  between  the  two  types  of  design 
procedures  stem  from  the  ways  in  which  they  were,  developed.  Flat  slabs 
literally  were  invented  and  were  constructed  for  years  before  any  analysis 
was  developed.  When  Nichols  (2)  in  1914  first  gave  the  expression  defining 
the  static  moment  in  an  interior  panel  as 

2 

Mo  =  0.125WL  [l  -  |g]  (1.2) 

many  practicing  engineers  refused  to  believe  it  since  it  placed  a  lower  bound 
on  the  total  moment  in  a  panel  that  was  higher  than  the  total  capacity 
current  practice  then  provided. 

During  the  early  days  of  flat  slab  construction  it  was  common 
practice  for  the  owner  of  a  new  building  to  specify  that  acceptance  would  be 
made  only  upon  the  successful  completion  of  a  load  test.  These  tests  usually 
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lncluded  the  loading  of  only  a  few  panels  and  hence  the  unloaded  panels 
immediately  adjacent  to  the  loaded  panels  were  able  to  assist  In  carrying  the 
loed.  Since  building  codes  can  do  little  more  than  reflect  current  practice, 
whenever  the  current  practice  appears  to  give  reasonable  results,  the  regula¬ 
tions  adopted  by  the  ACI  and  other  codes  provided  for  only  a  portion  of  the 
static  moment  as  is  shewn  by  Eq.  1.1. 

Analyses  of  load  tests  made  by  Westergaard  and  Slater  in  1921  (3) 
are  often  cited  to  prove  the  correctness  of  Eq.  1.1,  However,  these  analyses 
did  not  properly  take  into  account  the  influence  of  the  tensile  forces  in  the 
concrete  and  the  aid  of  the  unloaded  panels  adjacent  to  the  loaded  panels. 
Hence  the  high  factors  of  safety  shown  by  these  studies  were  incorrect. 

The  design  procedures  for  two-way  slabs  were  developed  on  the 
bases  of  solutions  for  moments  in  plates  on  nondeflecting  supports.  Effects 
of  pattern  loadings  were  considered  and  the  final  procedures  thus  developed 
required  more  than  adequate  moment -carrying  capacity.  Chronologically, 
method  2  was  the  first  method  developed.  This  method  was  developed  based  on 
studies  made  by  Westergaard  (4).  Method  1  was  developed  by  Di  Stasio  and 
Van  Buren  for  inclusion  in  the  New  York  City  Building  Code  (5)  and  was  later 
incorporated  into  the  ACI  and  other  codes.  A  third  procedure,  similar  in 
form  to  the  German  code,  is  included  in  the  1963  ACI  code  (6).  This  method 
is  in  most  cases  the  most  conservative  method  of  the  three  (7) . 

In  view  of  the  inequities  of  the  disparate  design  provisions  for 
two-way  and  flat  slabs,  an  investigation  of  floor  slabs  was  initiated  at  the 
University  of  Illinois  in  1956*  This  investigation  has  included  both 
theoretical  and  experimental  studies.  The  theoretical  studies  have  included 
considerations  of  the  effects  of  openings  in  slabs  and  the  effects  of  varying 
column  stiffnesses  on  moments  and  deflections  of  slabs  (8,9).  The  experimental 


phase  has  included  the  testing  of  five  nine-panel  reinforced  concrete  floor 
slabs.  Previous  reports  have  given  details  of  the  construction  and  testing 
of  these  slabs  and  the  results  of  analyses  for  moments  (10,11,12,13,14,15). 
Effects  of  beam  and  column  stiffnesses  on  moments  and  the  correlation  between 
computed  and  measured  moments  have  been  studied  (l6). 

1.2.  Object  and  Scope  of  Report 

The  adequate  design  of  a  structure  requires  that  at  least  two 
different  types  of  criteria  be  satisfied:  those  of  safety  and  serviceability. 
The  criterion  of  safety  is  satisfied  if  the  structure  provides  adequate 
strength.  The  serviceability  criteria  are  less  easily  defined.  Such  diverse 
factors  as  color,  finish,  ability  to  resist  spalling  and  dusting,  etc.,  may 
be  considered  to  serve  as  indices  of  serviceability.  Perhaps  the  moBt 
commonly  cited  criterion  is  that  of  deflections. 

Excessive  deflections  of  a  floor  slab  may. render  a  structure 
unusable  both  from  an  esthetical  and  a  functional  point  of  view.  Deflections 
of  a  floor  may  in  themselves  cause  worry  to  the  occupants  of  a  building  since 
to  the  layman  noticeable  deflection  often,  signifies  incipient  collapse.  • 
However,  the  major  effect  of  large  deflections  is  usually  to  cause  damage  to 
construction  carried  by  the  floor.  Such  damage  is  shown  by  cracking  of 
brittle  partitions,  Jamming  and  mis -alinement  of  doors  in  partitions  and  the 
like.  Current  trends  towards  the  use  of  lightweight-aggregate  concretes  and 
higher  allowable  steel  stresses  will  increase  the  possibility  of  large 
deflections. 

The  problem  of  deflections  has  long  been  recognized  by  the 
engineering  profession.  Building  codes  attempt  to  provide  adequate  stiffness 
by  specifying  minimum  allowable  thicknesses  and/or  thickness -to-span  ratios. 
Design  engineers  commonly  provide  for  a  certain  amount  of  camber.  The 
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inadequacy  of  these  provisions  is  shown  by  the  number  of  cases  of  structures 
which  become  unserviceable  because  of  deflections.  Since  such  cases  often 
are  matters  of  litigation  they  are  seldom  publicized.  No  simple  method  of 
analyses  for  deflections  of  continuous  structures  has  previously  .been 
developed.  . 

The  effect  of  deflections  on  strength  is  also  a  matter  of  interest. 
The  yield-line  method  for  assessing  the  strength  of  slabs  is  an  upper-bound 
method  but  it' normally  underestimates  the  strength  by  IQ  to  30  percent;  In 
exceptional  cases,  where  a  slab  is  surrounded  by  essentially  rigid  beams,  . 
the  load-carrying  capacity  of  a  panel  .may  be  several  times'  that  predicted  by 
the  yieid-line  procedure  (17)*  It  has  been  postulated  (ll)  that  the  large 
deflections  accompanying. the  formation  of  yield  lines  in  a  slab  serve  to 
increase  the  lever  anas  of  the  positive  reinforcement  thereby  increasing  the 
capacity.  It  is  possible  that  a  method  of  determining  the  effect  of  deflec¬ 
tions  on  strength  may  be  developed  after  a  method  of  computing  the  deflections 
at.  and  beyond  yield  has  been  developed. 

.  This  report  describes  the  results  of  a  study  of  deflections  of 
reinforced  concrete  floor  slabs .  The  study  is  concerned  with  the  problem  of 
deflections  as  a  serviceability  criterion  and  does  not  include  a  discussion 
of  the  effects  of  deflections  on  strength.  The  current  building  code 
provisions  on  deflections  contained  in  the  codes  of  a  number  of  countries 
are  discussed  in  Chapter  2.  The  theoretical  methods  of  determining  deflections 
of  plates  and  the  factors  affecting  the  deflections  of  plates  in  continuous 
structures  are  described  in  Chapter  3*  The  development  of  an  approximate 
method  of  analyses  for  deflections  through  the  use  of  a  frame  analysis  is  given 
in  Chapter  4.  The  agreement  between  computed  and  measured  deflections  for 
several  reinforced  concrete  structures  is  shown  in  Chapter  5*  Additional 


design  considerations  are  contained  in  Chapter  6  and  Chapter  7  is  a  summary  of 
the  report. 
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1.4  Notation 


The  symbols  used  throughout  the  text  are  defined  below  and  where 
first  introduced  in  the  text.  Symbols  that  are  used  only  once  in  the  text 
are  not  repeated  below. 

A  =  cross-sectional  area  of  tensile  reinforcement 
s 

A*  =  cross -sectional  area  of  compressive  reinforcement 
s 

a,b  =  spans  of  a  rectangular  plate,  also  spans  in  the  x  and  y 
directions,  respectively;  also  portions  of  the  span  of 
a  symmetrically-loaded  beam  as  defined  in  Table  18 

b  =  width  of  a  beam 

C  *  a  measure  of  the  torsional  rigidity  of  a  beam 

c  =  a  dimension  defining  the  effective  support  size 

d  =  effective  depth  of  a  reinforced  concrete  section  or 
depth  from  compression  face  to  centroid  of  tensile 
reinforcement 

d,  =  larger  dimension  of  a  rectangular  cross  section  for  use 

in  Eq.  4-5 

D  3  -  t  a  =  unit  plate  flexural  rigidity 

12(i  '-u  ) 

e  =  strain 

E  =  modulus  of  elasticity 

E  ,E  =  modulus  of  elasticity  of  steel  and  concrete,  respectively 

s  c 

f'c  -  compressive  strength  of  concrete 

f  «  modulus  of  rupture  of  concrete 

f  =  steel  stress 

s 

f  =  yield  stress  of  steel 

y 

G  =  modulus  of  elasticity  in  shear 


ratio  of  flexural  rigidity  of  beam  in  long 
direction  to  plate  flexural  rigidity  in  short 
direction 


(E) 

-x  -  ratio  of  flexural  rigidity  of  beam  in  short 
1  '  direction  to  plate  flexural  rigidity  in  long 

direction 

moments  of  inertia  of  beams  spanning  in  long  and  short 
directions,  respectively 

ratio  of  distance  between  compressive  and  tensile  forces 
acting  on  a  reinforced  concrete  beam  cross  section  to  the 
effective  depth  d. 

GC 

•=■  m.  ratio  of  torsional  rigidity  of  a  beam  to  the  flexural 
rigidity  of  a  plate 

ratio  of  depth  from  compression  face  to  neutral  surface 
of  a  reinforced  concrete  section  to  the  effective  depth 


=  ratio  of  total  stiffness  of  a  column 
to  the  unit  plate  flexural  rigidity 

the  longer  span  of  a  rectangular  plate 

the  static  moment  in  a  panel  of  a  slab 

positive  integers 

a  factor  defined  by  Eq.  5*8 

the  bending  moment  acting  on  a  column  as  used  in  Eq.  4.3 

number  of  simultaneous  equations  in  a  matrix 

A  /bd  =  ratio  of  cross-sectional  area  of  tensile 
rlinforcement  to  the  product  bd 

A'/bd  3  ratio  of  cross-sectional  area  of  compressive 
reinforcement  to  the  product  bd 

intensity  of  uniformly  distributed  load 

S/L  =  ratio  of  short  to  long  spans  or  aspect  ratio 

the  shorter  span  of  a  rectangular  plate 

thickness  of  a  plate 

the  smaller  dimension  of  a  rectangular  section  for  use 
in  Eq.  4.3 

Poisson's  ratio,  which  is  taken  as  zero  in  this  report 
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w  -  deflection,  also  weight  of  concrete 
V  -  the  total  load  on  a  panel 

a  =  an  angle  defining  the  load  to  be  applied  to  the  ersatz 
frame 

0  =  a  factor  used  in  finding  C 

A  =  deflection 

(si) 

.=  - —  =  ratio  of  flexural  rigidity  of  beam  in  long 

.  direction  to  plate,  flexural  rigidity  in  long 
direction  .... 


■  <EX)S  . 

\g  =  .,  =  .ratio  of  beam  flexural'  rigidity  in  short 

*  \  ■  .  '  direction  to  plate  flexural  rigidity  in  short 

."•/  direction  ‘ 

v  $  .  =  slope  i  ■■  \ 

;  =’’•  the  average,  rotation  of  a  beam  caused  by'  a  unit  twisting 

.  moment  as  given  by  4.4..- ...  .; 

•  0 j  =  the.  rotation. of  a  column  caused  .by  the  unit  twisting 

moment' applied  :to  the  beam  framing  into  the  column 

’  9  •  =  .!  curvature..  '•.'•••-  ’.•••.••"  • 

'  $  =  'unit  .rotation  caused  by'unit  twisting  moment  applied  . 

'.to  a  beam  '  ' .  •; 


B 

0 

0 

0 

0 
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2.  CURRENT  BUILDING  CODE  PROVISIONS  ON  EEFUBCT3DNS 


2.1  Introductory  Remarks 

The  deflection  of  a  flexural  member  Is  a  function  of  the  support 
conditions,  applied  loading  and  span,  and  the  flexural  rigidity  of  the  member. 
The  majority  of  the  building  codes  do  not  concern  themselves  with  computations  • 
of  deflections  but  rather  with  attempting  to  provide  minimum  values  of  flexural 
rigidity.  These,  limitations  upon  the  Rigidity  are  usually  presented  in  the 
form  of  minimum  ratios  of  thickness  and/or  minimum  ratios  of  thickness  to 
span.  The  thickness!. and  thickness -to -span  limitations  Imposed  by  the.  codes 
available  for  study  are  listed  in  Tables.  1  and  2.  Of  the  building  codes  which 
are  currently  available  for' study,  only  those  of  the' Netherlands,  Sweden, 
Prance,  USSR,  and  the  United  States  contain  any  provisions  pertaining  to  • 
deflections  other  than  the  minimum  thickness  and  thic.kness-to-span  limitations 
listed  in  Tables  1  and  .2. 

A  more  detailed  discussion  of  the  provisions  concerning  deflections 
that  are  included  in  certain1  codes  is  given'  in  Section '2.2.  -A  comparison  of 
the  thicknesses  required  by  the  various  codes  for  the  University  of  Illinois 
test  structures  is  given  in  Section  2.J.  A  discussion  of  the  philosophy 
underlying  the  majority  of  the  code  provisions  on  deflections  is  contained 
in  Section  2.k. 

2.2  Current  Building  Code  Specifications  Governing  Deflections 

The  majority  of  the  codes  attest  to  insure  adequate  rigidity  by 
specifying  a  minimum  ratio  of  either  thickness  to  span  or  effective  depth  to 
span.  The  span  in  most  cases  is  defined  as  either  the  distance  from  center- 
to-center  of  supports  or  this  distance  plui.  the  effective  depth  at  mid-span. 
Certain  codes  also  give  limiting  absolute  values  of  thickness.  The  tacit 
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assumption  appears  to  be  made  in  all  codes  that  all  panels  in  a  floor  slab 
are  rectangular  in  shape  and  are  supported  rigidly  at  least  at  the  corners. 

A  complete  code  specification  pertaining  to  deflections  should 
consider  both  short-time  and  long-time  deflections.  However,  among  the  codt3 
studied  only  the  Swedish,  French  and  the  USSR  codes  considered  long-time 
deflections  explicitly.  While  no  longer  a  serviceability  criterion,  a  method 
is  given  by  the  USSR  code  to  calculate  deflections  at  the  formation  of  yield 
lines.  The  provisions  concerning  deflections  given  by  certain  codes  are 
given  below. 


(A) 

The  building  code  of  the  Netherlands  attempts  to  limit  deflections 
by  specifying  a  minimum  allowable  depth.  The  formula  given  by  the  code  is  a 
function  of  steel  strain,  which  in  turn  is  a  function  of  the  load  and  the 
shape  of  the  panel,  live  load  to  dead  load  ratio,  and  span. 

The  Netherlands  code  presents  a  formula  which  gives  the  minimum 

depth  as 

d  -  67  I"  DL  +  Ii]  Lmin 
s  -  J 

where 

d  =  depth  from  extreme  compressive  fiber  to  center  of 
tensile  reinforcement 

LL  =  live  load 

DL  3  dead  load 


Netherlands  Code 


design  steel  stress 

modulus  of  elasticity  of  steel 

shorter  span 


The  additional  stipulations  are  made  that  when  the  slab  is  continuous 


over  one  edge,  then  Lmin  shall  be  taken  as  O.85  times  the  span  perpendicular 

to  this  edge.  If  the  slab  is  continuous  over  two  opposite  edges,  L  is  to 

min 

be  taken  as  0.7  times  the  span  perpendicular  to  these  edges.  The  miivlpmm 
LL/ (EL  +  LL)  ratio  to  be  used  is  0.5* 

This  formula  is  based  on  a  maximum  allowable  deflection  to  short 
span  ratio  of  1/250  for  total  load  or  1/500  for  live  load,  whichever  governs. 

The  formula  was  developed  on  the  basis  of  the  assumption  that  the 
concrete  in  the  tensile  zone  of  the  short  span  of  a  panel  will  be  cracked  at 
service  load  levels  and  that  therefore  the  steel  stress  governs  the  design. 
The  discussion  of  this  formula  (18  )  states  that  the  formula  gives  results 
which  agree  fairly  well  with  results  of  tests  of  simply  supported  slabB,  but 
that  for  other  cases  rather  large  deviations  may  be  expected. 


(B)  Swedish  Code  (l8,19) 

The  Swedish  code  specifies  that  proper  consideration  should  be 

given  to  the  influence  of  cracking  in  the  tension  zone.  The  thickness  of 

* 

plates  supported  on  four  sides  and  carrying  walls,  and  which  may  be  harmed 
by  deformations,  should  be  at  least 


min 


■N 


Tta. 


pos 


where 


mpos  =  larSest  positive  design  moment,  and 


=  modulus  of  rupture  of  concrete  (given  by  Table  9.3II  of 


the  Swedish  State  Concrete  Regulations). 

The  commentary  on  this  provision  (19)  which  accompanies  the  code 

states  that  this  formula  was  developed  so  as  to  prevent,  as  nearly  as  possible, 

the  development  of  cracks  in  the  positive  moment  regions.  The  intended  result 

was  that  the  uncracked  stiffness  would  be  preserved,  thereby  limiting 
*  Presumably  "clamped  down  by  walls  at  the  periphery." 
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deflections.  Based  on  the  assumption  of  uncrackea  sections,  the  code  further 
specifies  that  deflections  may  be  calculated  using  the  theory  of  elasticity 
with  an  apparent  modulus  of  elasticity  for  the  concrete.  A  numerical  value 
of  the  apparent  modulus  is  given  for  each  of  several  grades  of  concrete.  The 
code  further  specifies  that  for  short-time  loadings,  calculations  involving 
vibrations,  etc.,  a  modulus  of  elasticity  up  to  three  times  that  given  in  the 
code  may  be  -used.  The  commentary  states  that  roughly  the  same  value -of  t  in 
would  be  obtained  if  the  code  specified  a  maximum  deflection  to  short  span 
ratio  of  l/lOOO.  •  '  -.V  >  '  1 

A  number  of  the  variables  which  affect  . deflections’ .are  considered, 
at  least  implicitly,  ;by  this  code;.  ■  Type  of -loading,  ds.pect.  ratio  and  span 
length  affect  the  value,  of ;  positive,  moment  chosen  fpr;use  in  -the  formula  for.  - 
the  minimum  thickness.  -The  effects  of -different  material-  properties  are.-... 
considered  in  the  value  of .the 'modulus ; of  .rupture- used  in  .the  formula  and  in 
the  value  cf  the  modulus  of  elasticity  for.  concrete  used  in  elastic  calcula¬ 
tions  of  deflections.’  However the  inadequacy' of  these  specifications  is 
pointed  out ■ in  the  commentaiy .  •  • 

(C)  The  USSR  Code  (20)  .  . 

The  USSR  code  presents  a  number  of  empirical-  formulas  for  the 
determination  of  deflections  and  moments  at  first  cracking,  and  deflections 
when  sufficient  yield  lines  have  formed  to  produce  a  collapse  mechanism.  . 
These  formulas  appear  to  be  based  in  part  on  tests  performed  by  W.  I. 
Muraschev  and  discussed  briefly  in  a  text  by  Sachnovski  (21) .  However,  the 
stipulated  methods  do  not  appear  to  be  realistic,  especially  those  pertaining 
to  deflections  at  yield. 

The  USSR  code  states  that  attention  shall  be  paid  to  the  beginning 
of  cracking,  the  width  of  cracks,  and  to  the  magnitude  of  deflections. 
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Apprcxlmate  methods  for  the  determination  of  crack  widths  and  deflections  are 
given.  The  specifications  governing  deflections  are  as  follows: 

(l)  Two-way  slabs 

(a) .  ShOrt-time  deflections  may  he  determined  using  tabulated 
values  for  elastic  plates  jthat  were  developed  by  Galerkin. 

(b)  .In  cracked  slabs  it  is  recommended  that  the  deflection  be 
determined  approximately  by  linear  interpjlat ion  between  the  deflection  Ar, 
corresponding  to  the. formation  of  the  first  cracks,  and  the  deflection  A  , 

"■  which  immediately  precedes  collapse,  by  using  the  formula  ' 

■  '  V  •  ■  r  P  -  P  *1 

:  ,  . ..  •  7  .  y  r  Lpy  -  prJ  ...  .  :  ; 


where 


P  <  P  <  P 
r  .  .  •  y 

P  '  =  load 


P  =  load  at  formation  of  first  crack 
r 

P  =  failure  load 

y  • 

Ar  is  determined  as  for  an  isotropic  elastic  slab  with  consideration  given 
to  creep  where  necessary.  Time  dependent  effects  are  considered  by  multi¬ 
plying  the  elastic  deflection  by  two. 

(o)  When  the  ratio  of  reinforcement  is  0.5  percent  or  less,  the 
cracking  moment  may  be  determined  from  the  equation 

t2(r  ) 

“r  =  -rr- 

where  M  =  largest  positive  bending  moment  in  the  panel  under 
r  consideration, 

t  =  thickness,  and 


ft  =  tensile  strength  of  concrete. 
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(d)  For  two-way  slabs  A  is  determined  based  on  a  consideration  of 

a 

the  pattern  of  yield  lines  that  would  exist  at  the  formation  of  a  failure 
mechanism  for  the  given  panel.  At  the  formation  of  the  mechanism  correspond¬ 
ing  to  the  lowest  failure  load  the  panel  is  assumed  to  be  divided  into  rigid 
segments  connected  by  bands  of  yielded  material.  The  minimum  failure  angle 

between  adjacent  rigid  segments  is  taken  as  w'q>  where  w'  is  the  width  of  the 

£ 

yield  band  and  9  =  - — — is  the  curvature  of  the  slab  when  the  steel  yields. 
For  rectangular  panels  w'  may  be  assumed  as  O.ltS  where  S  =  the  shorter  side 
of  the  panel.  The  value  of  the  width  w*  was  determined  from  tests. 


(2)  Flat  Slabs 


(a)  Uncracked  deflection 


A  =  0.018 


P<Lx  *  Lv> 
Eh5 


but  < 


1000 


(b)  Cracking  moment 

v2 

(e)  Load  at  cracking 


10  M 


P  = 
r 


(L  -  2c y 


(d)  A  for  a  square  panel  with  square  column  capitals  is  given 

y 

by  the  equation 

A  =  0.1  L.f  S°y  1 
y  1  s  E  (d  -  kd) 

s 


where 

=  clear  span  between  capitals 

L  =  span  center-to-center  of  columns 

f  =  design  steel  stress 
s 

E  =  modulus  of  elasticity  of  steel 
s 

kd  -  depth  from  compression  face  to  neutral  surface. 
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For  other  then  square  panels  It  is  necessary  to  consider  the  pattern  of  yield 
lines  corresponding  to  the  minimum  yield  load.  The  maximum  absolute  deflec¬ 
tion  of  a  flat  slab,  assuming  no  cracking,  is  limited  to  l/lOOO  of  the  span 
center-to-center  of  columns . 

The  mid-panel  deflection  at  the  yield  load  level  was  computed  for 
the  interior  panels  of  the  two  two-way  U.  of  I.  test  structures  using  the 
procedure  outlined  in  (id)  above.  The  comparison  between  measured  deflections 
at  yield  with  the  predicted  deflections  shows  that  the  procedure  specified 
for  the  computation  of  A  greatly  overestimates  the  correct  value. 


Type  of  two-way 
structure 


Measured  mid-panel  deflection 
less  average  beam  deflection 


Predicted  A„ 
fasing  Qd)y 


Shallow  beams  0.2V  -  0.15"  =0.09"  0.57" 

Deep  beams  0.30"  -  0.08"  =  0.22"  0.50" 


(d)  French  Code  (22) 

The  French  code  prescribes  only  that  deflections  shall  be  small 
enough  so  that  no  structural  damage  shall  occur  and  that  in  no  case  shall  a 
thickness  be  used  that  is  less  than  5*0  cm.  for  on-site  construction  or 
3.75  cm.  for  slabs  prefabricated  in  shops.  However,  the  commentary 
accompanying  the  code  contains  a  discussion  of  sane  of  the  factors  affecting 
deflections  and  suggests  methods  for  computing  deflections.  The  rules  and 
commentary  thereon  are  contained  in  Appendix  A. 

The  relationships  presented  in  the  commentary  for  use  in  computing 
absolute  values  of  deflections  are  basically  conventional  methods.  For 
instance,  the  relationship  given  for  the  computation  of  A.^  (Eq.  A. 3)  is  nearly 
that  which  would  be  obtained  for  a  uniformly  loaded,  simply  supported  beam 

assuming  a  fully-cracked  section  and  using  a  modular  ratio,  (ratio  of  elastic 

moduli)  of  15.  The  term  9  appearing  in  Eqs.  A. 3  and  A. 4  is  evidently  introduced 


to  account  for  the  increased  deflection  that  may  be  expected  to  occur  for  the 
shallower  section  which  would  result  from  the  use  of  a  high  percentage  of 
reinforcement . 

(E)  United  States  Code 

A  number  of  building  codes  are  currently  in  force  in  various  parts 
of  the  United  States.  The  one  perhaps  most  commonly  recognized  has  been 
developed  by  the  American  Concrete  Institute  (l).  The  ACI  code  (318-56) 
gives  provisions  concerning  minimum  thickness  and  thickness-to-span  limitations 
for  both  two-way  and  flat  slabs.  These  provisions  are  included  in  Tables  1 
and  2.  In  addition,  minimum  thickness  formulae  are  given  for  flat  slabs 
which  are  functions  of  span,  load  and  concrete  strength.  These  formulae  were 
developed  using  the  conventional  straight-line  formula  to  insure  that  the 
maximum  flexural  concrete  stress  in  a  flat  slab  would  be  less  than  the  allow¬ 
able  stress.  Hence,  while  these  formulae  affect  stiffness,  they  were  not 
developed  to  govern  stiffness. 

For  two-way  construction  the  minimum  thickness  is  to  be  taken  as 
four  inches  or  the  perimeter  divided  by  180,  whichever  is  the  larger.  For  a 
square  panel  the  second  requirement  would  reduce  to 


(2.1) 


which  is  in  the  range  of  values  included  in  Table  1.  For  an  aspect  ratio 
of  0.5,  the  second  requirement  would  reduce  to 


(2.2) 


where  the  notation  is  that  of  Table  1.  This  ratio  is  more  conservative  than 
any  of  those  included  in  Table  1  requiring,  for  example,  twice  the  thickness 
for  this  case  that  would  be  required  by  the  German,  Austrian  and  Greek  codes. 
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The  definition  of  the  minimum  allowable  thickness  as  a  function  of 
the  perimeter  was  first  suggested  by  Di  Stasio  and  Van  Buren  (5)*  In  the 
form  first  developed  the  minimum  thickness  was  given  by  the  relationship 


minimum 


A+B  -  0.1N 

72 


ioooH 


(2.3) 


where  A  and  B  =  span  lengths, 

N  =  sum  of  edges  A  and  B  which  are'  continuous  with  adjacent 
panels,  and 

f'c  =  28  day  concrete  strength. 

The  development  of  the  formula  was  based  on  limiting  the  deflection 
of  a  panel  to  a  definite  ratio  of  the  span  "consistent  with  all  conditions 
of  rectangular ity  and  continuity."  For  simply  supported,  one-way  construction 
a  minimum  thickness -to-span  ratio  of  l/24  wa3  commonly  accepted  at  the  time 
of  the  development  of  Eq.  2.3  •  For  a  square,  simply  supported  panel  the 
equivalent  uniform  load  ratio  was  taken  as  2/3-  In  order  to. have  a  deflection 
equal  to  that  of  a  one-way  slab  of  the  same  span,  the  required  thickness  would 
would  be  l/36th  of  the  span. 

The  authors  further  stated  that,  for  equal  deflections,  a  continuous, 
uniformly  loaded  beam  with  a  mid-span  moment  of  qL  /l2  would  require  a 


*  This  was  based  on  the  maximum  moment  in  a  square  simply  supported  plate 
being  qL2/24  which  is  2/3  of  qL2/l6  where  qlr/l6  is  the  mid -panel  moment 
in  each  direction  based  on  a  crossing-beam  analogy.  The  average  moment 
across  a  diagonal  of  a  square  simply  supported  plate  is  qL2/ 24  while  the 
mid -panel  moment  is  about  qL2/27»  Considering  the  purposes  intended, the 
use  of  qL2/24  in  the  derivation  of  Eq.  2.3  was  adequate  though  not  precise. 

**  This  is  the  moment  that  would  occur  at  the  center  of  a  loaded  span  of  a 
prismatic  beam  if  the  beam  were  divided  into  an  infinite  number  of  similar 
spans  with  every  other  span  uniformly  loaded  and  the  remaining  spans 
unloaded. 
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thickness  equal  to  85#  of  the  thickness  required  for  a  similarly  loaded  simple 
span,  and  that  for  two-way  slabs  this  could  be  reduced  to  8056.  The  cube  root 
factor  was  added  to  provide  for  cases  where  concrete  was  used  having  a  28  day 
strength  other  than  the  2000  psi  commonly  in  use  at  the  time  Eq.  2.3  was 
developed. 


The  reduction  factor  of  O.85  given  above  may  be  readily  derived 
using  conventional  methods  of  analysis  of  reinforced  concrete  sections  and 
the'  t/L  ratio  of  l/24  for  one-way  construction. 

If  f^  is  taken  as  30Q0  in  Eq.  2-3  and  if  all  four  edges  of  a 
rectangular  panel  are  assumed  continuous  then  Eq.  2.3  reduces  to 


.  __  perimeter 

min  ~  183 


(2.4) 


which  is  closely  the  form  now  included  in  the  ACI  code  (318-56). 

The  only  other  provisions  given  in  the  ACI  code  concerning  deflec¬ 
tions  are  criteria  to  be  used  in  judging  the  results  of  load  tests.  All  of 
these  criteria  are  of  the  form  D  =  maximum  allowable  deflection  =  L  /qt  where 
L  is  the  longer  span,  t  the  thickness,  and  q  a  constant  specified  by  the 
code. 


2.3  Comparison  of  Thickness  Requirements 

It  is  of  interest  to  compare  the  thicknesses  that  would  have  been 
required  by  the  various  codes  for  the  construction  of  the  prototype  flat 
slabs  and  two-way  slabs  of  the  University  of  Illinois  test  series.  These 
thicknesses  are  listed  in  Table  3  as  well  as  an  indication  of  whether  the 
minimum  thickness  or  minimum  thickness-to-span  ratio  was  the  controlling 
criterion.  It  is  seen  that  the  thickness  required  ranges  from  3.2  to  8.0  in. 
with  the  majority  of  values  in  the  range  of  6  to  8  in.  The  thicknesses 
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(ln  inches)  that  would,  have  been  required  on  the  basis  of  the  Netherlands  and 
Swedish  formulae  are  as  follows: 

Code  Flat  Slabs  (Nos.  2  and  5)  Two-way  (No.  3)  (No.  4) 

Swedish  10.1  10-5  9-3 

Netherlands  6.25  4.6  4.6 

As  Designed  7  66 

The  values  shown  for  the  Swedish  code  were  computed  based  on  the  moduli  of 
rupture  used  in  the  analyses  of  the  test  structures. 

2.4  Philosophy  Underlying  Code  Provisions  on  Deflections 

The  absolute  value  of  the  deflection  of  d  point  on  a  panel  in  a 
continuous  structure  is  a  function  of  the  size  and  shape  of  the  panel,  the 
type  and  extent  of  the  loading,  the  torsional  and  flexural  stiffnesses  of  the 
beams  (if  any)  supporting  the  panel,  the  flexural  stiffnesses  of  the  support¬ 
ing  columns,  and  the  properties  of  the  materials  used  in  construction.  In 
addition,  the  deflections  of  a  reinforced  concrete  structure  are  influenced 
by  the  amount,  type  and  arrangement  of  the  compressive  and  tensile  reinforce¬ 
ment,  cracking  of  the  concrete,  the  non-linearity  of  the  stress-strain  curve 
for  concrete,  and  time -dependent  deformations  of  the  concrete. 

The  serviceability  of  a  structure  is  affected  by  both  absolute  and 
relative  deflections.  If  the  absolute  deflection  of  a  point  in  a  structure 
is  too  great  it  may  render  the  structure  unusable  from  either  an  esthetical 
or  functional  point  of  view.  The  relative  deflection  between  points  on  a 
structure  affects  the  serviceability  not  so  much  of  the  structure  itself,  but 
of  adjuncts  to  the  structure  such  as  partitions,  surface  toppings,  curtain 
walls,  and  the  like. 

The  basic  approach  that  most  building  codes  incorporate  in  attempting 
to  limit  deflections  is  that  of  limiting  relative  deflections  by  specifying 


sane  minimum  allowable  ratio  of  thickness  to  span.  This  type  of  specification 
considers  only  the  size  of  the  panel  in  question.  Some  codes  attempt  to 
introduce  the  effects  of  rectangularity  by  specifying  that  a  given  depth  to 
span  ratio  is  applicable  only  within  a  certain  range  of  aspect  ratios.  The 
U.S.  code  is  unique  in  specifying  a  minimum  thickness  for  two-way  construction 
which  varies  continuously  with  varying  aspect  ratios.  Again,  however,  this 
specification  considers  only  size  and  shape  and  is  unaffected  by  boundary 
conditions,  except  that  it  presumably  includes  the  assumption  that  all  four 
edges  are  continuous. 

Some  codes  do  attempt  to  consider  the  effects  of  continuity.  The 
Yugoslavian  code  specifies  a  minimum  depth  to  span  ratio  with  the  span  being 
taken  as  the  span  between  lines  of  inflection.  This  provision  is  affected 
by  boundary  rotations,  but  does  not  include  the  effects  of  boundary  deflections. 
Hence  it  may  be  expected  to  affect  the  relative  deflection  more  than  the 
absolute  deflection.  The  minimum  depth  formulae  given  by  the  codes  of 
Sweden  and  the  Netherlands  are  functions  of  the  bending  moments  in  a  panel. 

If  the  bending  moments  were  functions  of  all  the  factors  mentioned  above  as 
affecting  deflections  then  these  formulae  could  be  expected  to  give  good 
results.  This  is  not  the  case,  however,  as  the  Swedish  code  states  that 
moments  are  found  by  combining  the  moments  for  various  cases  of  individual 
plates,  all  of  which  are  cases  of  plates  on  nondeflecting  supports,  and  the 
Netherlands  formula  was  developed  based  on  studies  of  simply  supported 
reinforced  concrete  plates. 

A  limitation  upon  the  allowable  value  of  the  absolute  deflection 
could  be  specified  by  a  code  as  a  maximum  deflection-to-span  ratio.  The 
commentary  accompanying  the  French  code  suggests  that  the  maximum  deflection 
should  by  1/ 500th  of  the  clear  span  or  even  less  for  large  spans.  The  minimum 
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depth  formulae  of  the  Swedish  and  Netherlands  codes  were  developed  with  the 
Intention  of  providing  a  maximum  deflection  of  l/l000th  of  the  short  span  In 
the  case  of  the  Swedish  code  and  either  l/ 250th  or  1/ 500th  of  the  short  span 
In  the  case  of  the  Netherlands  code. 

The  maximum  allowable  absolute  or  relative  deflection  Is  a  function 
of  the  use  for  which  the  structure  is  Intended.  Hence,  the  decision  as  to 
the  allowable  deflection  should  be  made  by  the  designing  engineer.  It  Is 
advisable,  however,  that  guide  lines  be  established  by  the  codes. 


J.  theoretical  and  approximate  analyses  for  deflections 


3.1  Theoretical  Methods  of  Analysis  for  Deflections 

The  problem  of  finding  solutions  giving  the  deflections  and 
bending  moments  of  elastic  plates  is  one  that  has  attracted  the  interest  of 
investigators  for  the  last  century,  and  a  half.  The  differential  equation 
governing  the  deflection  of  medium-thick  elastic  plates  was  first  suggested 
by  Lagrange  in  l8ll,  although  a  satisfactory  derivation  was  not  found  until 
1829  when  it  was  developed  by  Poisson.  This  equation  may  be  stated  as 
follows: 


d^w 

■s* 


+  2 


8^w  d^w  _ 
dx2<3y2  dy'^ 


a 

D 


(M) 


where  w  =  deflection 
q  =  load  .  . 

D  =  Et^/l2(l-u2)  =  unit  plate  rigidity 
t  =  plate  thickness 
u  =  Poisson's  ratio,  and 
E  =  the  modulus  of  elasticity. 

The  derivation  of  this  equation  from  conditions  of  equilibrium  and 
compatibility  may  be  found  in  Reference  25. 

The  solution  to  Eq.  3.1  is  affected  by  the  shape  of  the  plate,  type 
and  extent  of  the  loading  on  the  plate,  and  the  boundary  conditicns  of 
deflections,  rotations,  moments  and  shears.  Exact  solutions  have  been  found 
for  various  combinations  of  loadings  and  boundary  conditions  by  a  number  of 
investigators.  For  purposes  of  discussion  the  theoretical  methods  of  finding 
solutions  to  plate  problems  are  grouped  under  the  following  headings: 

(a)  Closed  form, 
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(b)  Infinite  series, 


(c)  Energy  methods, 

(d)  Finite  differences,  and 

(e)  Moment  distribution. 

Brief  discussions  of  these  methods  are  given  below. 

(a)  Closed  Form  Solution 

A  closed  form  solution  is  one  which  defines  the  deflected  shape  of 
a  plate  by  means  of  a  single  equation  containing  a  finite  number  of  terms. 

The  accuracy  of  the  solution  does  not  depend  upon  the  number  of  terms  of  an 
infinite  series  which  must  be  evaluated  and  in  this  respect  a  closed-form 
solution  is  an  "exact”  solution.  Solutions  of  this  form  have  been  found  for 
only  a  few  isolated  cases.  For  example  Timoshenko  (23)  gives  closed-form 
solutions  for  uniformly  loaded  circular  plates  on  nondeflecting  supports. 

(b)  Series  Solutions 

Many  of  the  earlier  solutions  to  Eq.  3-1  for  the  case  of  rectangular 
plates  on  nondeflecting  supports  were  in  the  form  of  double  Fourier  series. 

An  example  of  a  series  of  this  type  is  given  by  the  expression 

00  00 

v=LiY  T  A  sin  — sinSS.  (3.2) 

D  Li  Z_|  mn  a  b 

m=l,2. .n=l,2. . 

where  a  and  b  are  the  spans  in  the  two  orthogonal  directions, 
x  and  y  are  distances  measured  along  the  a  and  b  spans, 

C1  is  a  constant  which  is  a  function  of  the  spans, 
m  and  n  are  positive  integers,  and 

A^  is  a  function  of  the  load  distribution,  spans,  and  boundary  conditions. 
The  first  known  solution  to  Eq.  3.1,  which  was  developed  by  Navier  in  1820  for 


-25- 


the  case  of  a  simply  supported  plate,  utilized  an  infinite  series  similar 
to  Eq.  3.2. 

A  second  type  of  series  solution,  which  is  applicable  to  the  case 
of  a  rectangular  panel  having  two  opposite  edges  simply  supported  and  the 
other  two  edges  supported  in  any  manner,  was  developed  "by  M.  Levy  in  1899* 

Levy  suggested  taking  the  solution  to  Eq.  3*1  in  the  form  of  a  series 

00 

*-  I  Y» sin  ®r  (5-5) 

m=l,2, . . 

where  Y  *s  a  function  of  y  only, 
m 

a  is  the  span  between  simply  supported  edges,  and 

m  is  a  positive  integer. 

The  expressions  defining  the  deflected  surface  of  the  plate  which 
result  from  the  use  of  Eq.  3-3  contain  a  number  of  hyperbolic  terms  which  are 
functions  of  m  and  y  only.  Each  term  is  modified  by  a  constant  which  is  a 
function  of  m,  the  boundary  conditions,  and  the  type  and  extent  of  the  loading. 

The  Levy  method  has  recently  been  extended  by  S.  J.  Fuchs  (24)  to 
include  the  case  of  plates  supported  on  all  edges  by  beams  having  any  values 
of  torsional  and  flexural  rigidity. 

A  series  solution  for  the  deflected  shape  of  a  plate  is  exact  to 
the  extent  that  the  deflection  or  moment  at  any  point  on  a  plate  may  be 
determined  to  any  desired  number  of  significant  figures  by  evaluating 
additional  terms  of  the  infinite  series .  Usually  it  is  necessary  to  evaluate 
only  the  first  few  terms  of  the  series  to  obtain  sufficient  accuracy. 

(c)  Energy  Methods 

A  second  procedure  incorporating  an  infinite  series  has  been 
developed  on  the  concept  that  when  a  loaded  plate  is  in  a  state  of  equilibrium 
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with  the  applied  loads  the  total  energy  of  the  system  Is  at  a  minimum.  In 
applying  the  method  the  deflected  shape  of  a  plate  is  assumed  to  he  defined 
hy  a  function  or  functions  which  must  satisfy  only  the  geometrical  boundary 
conditions.  The  deflected  shape  may  be  assumed  to  be  defined  by  a  series 
in  the  form 

w  =  a1f1(x,y)  +  a2f2(x,y)  + . 8nfn^x,y^  (3.M 

where  aR  are  arbitrary  constants,  and 

f^x^y)  •  •  •  fn(x>y)  are  functions  of  x  and  y  which  satisfy  the 
geometrical  boundary  conditions. 

The- total  energy  I  of  the  system  is  the  strain  energy  V  of  the 
plate  and  the  change  in  potential  energy  U  of  the  loads  caused  by  the 
deflections.  Setting  the  partial  derivative  of  I  with  respect  to  successive 
values  of  a1  .  .  .  an_ equal  to  zero  leads  to  a  series  of  equations  from  which 
the  values  of  the  constants  a1  .  .  ...  an  may  be  evaluated.  Ordinarily  only 
the  first  few  terms  of  the  series  represented  by  Eq.  3.4  need  be  evaluated 
to  have  sufficient  accuracy. 

A  second  type  of  function  which  may  be  assumed  as  representing  the 
deflected  Burf&ce  of  the  plate  is  the  S-function  (25).  This  function  has  the 
form 

(3-5) 

where  £  =  —  ,  a  dimensionless  parameter, 
m  =  any  positive  integer,  and 
a  =  the  span  in  the  x  direction. 

S-functions  were  used  by  Sutherland,  et  al,  (26)  in  an  investigation 
of  uniformly  loaded  plates  supported  on  flexible  beams.  The  beams  were  assumed 


to  have  no  width  and  the  plates  were  assumed  to  undergo  no  edge  rotation.  The 
final  deflection  function  derived  by  Sutherland  was  given  as 

«  oe  00  ’  m 

0  S  (ft)  +  y  7  S  (tj)  (5.(5) 

mm'7  i_i  n  n  '  17  7 

n 

where  a  .  0  ,  and  7  were  coefficients  found  in  the  same  manner  as  the 
mn  m  n 

coefficients  a.  ...  a  in  Eq.  3.k, 

I  n  ’ 

tj  =  a  dimensionless  parameter, 

■  n  =  any  positive  integer,  and 

b  =  the  span  in  the  y  direction.  . 

The  second  and  third  terms  in'  Eq.'  3-6  represent  the  supporting 
beams  in  the  x  and  y  directions,  respectively. 

Deflection  coefficients. obtained  by  various  investigators  are  given 
in  Tables  4  and  5  for  a  number  of  cases  of  uniformly  loaded  rectangular  plates. 
Included  are  cases  of  plates  on  nondeflecting  supports  and  plates  supported  at 
all  four  edges  by  flexible  beams..  Deflections  are  given  as  coefficients  of 
(q/D)  (span)^  where  q  is  the  unit  intensity  of  the  uniformly  distributed  load 
and  D  is  the  unit  plate  rigidity.  The  span  to  be  considered  is  the  shorter 
span  S  for  plates  on  nondeflecting  supports  and  the  longer  span  L  for  plates 
on  flexible  supports.  The  coefficients  are  presented  in  this  form  because 
as  the  aspect  ratio  S/L  approaches  zero  the  deflection  coefficient  for  a  plate 
on  nondeflecting  supports  approaches  that  of  a  beam  having  similar  end 
conditions  and  spanning  in  the  short  direction,  while  the  deflection  coef¬ 
ficient  of  a  plate  on  flexible  supports  approaches  that  of  a  beam  spanning  in 
the  long  direction. 

(d)  Finite  Difference  Method 

Kie  method  of  determining  deflections  by  means  of  using  the  method 
of  finite  differences  is  based  on  satisfying  the  conditions  of  equilibrium  and 
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continuity  only  at  discrete  points  on  the  plate  considered.  The  procedure 
followed  in  applying  the  method  consists  of  generating  N  simultaneous  equations 
by  applying  the  appropriate  finite  difference  pattern  or  operator  to  N  node  or 
pivotal  points  on  the  plate.  The  N  unknowns  are  the  deflections  at  the  N  points. 
The  necessity  of  using  a  high-speed  electronic  digital  computer  for  the  solving 
of  the  large  number  of  simultaneous  equations,  which  must  be  generated  for 
solution  of  all  but  simple  problems,  is  the  major  limitation  on  the  method. 

The  finite  difference  method  may  be  used  in  the  solution  of  problems  which 
cannot  be  solved  by  other  methods. 

Finite  difference  operators  may  be  derived  directly  from  the 
governing  differential  equation  (Eq.  3»l)  or  from  a  physical  analog  of  the 
plate  or  structure  under  consideration.  The  use  of  the  analog  allows  a 
consideration  of  the  effects  of  beam  and  column  stiffnesses  to  be  made.  The 
accuracy  of  the  method  may  be  improved  by  reducing  the  grid  spacing  between 
node  points. 

(e)  Moment-Distribution  Methods 

In  addition  to  the  methods  discussed  above  two  procedures  have  been 
developed  which  utilize  a  foim  of  moment  distribution  for  plates  analogous  to 
the  Cross  moment -distribution  process  for  the  analysis  of  frames. 

In  a  method  developed  by  Ang  (27)  the  stiffness  and  carry-over 
factors  for  unit  deflections  and  rotations  for  a  number  of  points  along  each 
edge  of  each  panel  of  the  structure  under  consideration  are  determined  using 
finite  difference  solutions.  In  addition,  fixed-end  moments  and  reactions  for 
nondeflecting  supports  are  determined.  The  procedure  of  unlocking  a  Joint  at 
a  node  point,  balancing  the  moments,  performing  carry-overs  and  relocking  the 
Joint  that  is  used  with  this  method  is  similar  to  that  used  with  frames  except 
that  the  carry-overs  are  made  only  to  adjacent  node  points.  The  procedure 


requires  the  use  of  a  high-speed  electronic  computer.  Deflections  for  a  nine- 
panel  structure  found  using  this  method  are  given  in  Table  6. 

A  similar  procedure  developed  by  Ewell,  et  al,  (28)  consists  of 
dividing  each  panel  into  a  gridwork  of  Intersecting  beams  having  flexural  and 
torsional  stiffness.  After  distribution  factors  have  been  determined,  each 
joint  in  turn  is  displaced,  the  resulting  fixed-end  moments  determined,  and 
moments  distributed  as  above. 


3.2  Factors  Affecting  Deflections  of  Elastic  Structures 

The  factors  affecting  the  deflection  of  a  point  on  a  panel  in  a 
continuous  structure  are  the  sizes  and  stiffnesses  of  the  supporting  beams 
and  columns,  the  size  and  shape  of  the  panel,  and  the  type  and  extent  of  the 
applied  loading.  -The  effects  of  these  factors  are  discussed  in  detail  below. 


(a)  Beam  Flexural  Rigidity 

In  discussing  the  effects  of  beam  flexibility  on  deflections  of 
symmetrical  rectangular  panels  it  is  more  convenient  to  deal  with  dimension¬ 
less  ratios  of  beam-to-plate  rigidity  than  with  absolute  values  of  beam 


rigidity.  These  ratios  may  be  expressed  as 


(El)j 

'DS 


and 


(EI)« 


=  T 


s  'I2L 


or  as 


(  (SI), 


DL 


and 


(EI)C 
=  "ds“ 


(3.7) 


(3.8) 


where  L  =  span  in  longer  direction, 

S  =  span  in  shorter  direction,  and 

1^,  Ig  =  moments  of  inertia  of  beams  in  long  and  short 
directions,  respectively. 


The  product  El  is  termed  the  flexural  rigidity  of  the  beam. 
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The  use  of  either  the  H  or  the  X.  definition  is  valid.  The  ratio 
X  relates  the  rigidity  of  the  beam  to  the  plate  rigidity  in  the  same  direction. 
Hence  the  use  of  one  particular  value  of  in  the  analyses  of  a  number  of 
plates  having  different  aspect  (S/L)  ratios  would  mean  that  the  beams  in  the 
long  direction  for  each  case  would  have  the  same  absolute  value  of  (El)^. 

The  term  H  relates  the  beam  rigidity  to  the  total  plate  rigidity  in  the  span 
perpendicular  to  the  beam  considered.  This  in  effect  relates  the  beam  to  the 
portion  of  the  plate  acting  as  a  beam  in  the  same  direction.  The  ratio  H  is 
used  throughout  the  remainder  of  -this  report. 

As  may  be  expected,  the  effect  of  increasing  H  is  to  decrease 

deflection.  This  is  shown  graphically  in  Figs.  3-1  through  3*5  which  are 

* 

plots  of  mid-panel  or  mid-beam  deflection  versus  for  various  aspect  ratios 
and  column  sizes.  The  term  c/L  appearing  in  these  figures  is  defined  in 
3.2b  below.  The  type  of  plate  considered  in  Figs.  3-1  through  3.5,  and  in 
the  following  discussion  on  the  effects  of  column  size,  is  one  which  is  part 
of  an  infinite  array  of  identical  plates,  all  uniformly  loaded  and  supported 
on  flexible  beams.  The  relationship  between  and  Hg  is  defined  as  Hg  =  R£Hj 
where  R  is  the  aspect  ratio  S/L.  This  corresponds  to  a  ratio  of  Ig/l^  equal 
to  R. 

For  each  of  the  curves  shown  there  is  a  large  decrease  in  deflection 
as  increases  from  zero  to  one  and  a  lesser  decrease  with  further  increase 
in  H^.  For  example,  the  mid -panel  deflection  of  a  square  plate  is  less  than 
half  as  great  for  H  =  1.0  as  it  is  for  H  =  0,  but  the  deflection  for  H  =  4.0 
is  still  about  three-fourths  as  large  as  for  H  =  1.0. 

A  comparison  of  Figs.  }.l  and  3*2  shows  that  the  mid -panel  deflection 
for  a  square  plate  on  flexible  supports  is  about  equal  to  the  mid-beam 

*  The  term  "mid-beam  deflection"  will  be  used  throughout  the  report  to  denote 
-  the  deflection  at  the  middle  of  a  center  line  connecting  two  columns. 
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deflection  plus  a  constant  amount.  This  constant  amount  is  nearly  the 
deflection  of  a  square  clamped  plate  on  nondeflecting  supports.  For  other 
than  square  panels  the  mid -panel  deflection  is  given  closely  by  the  sum  of  (a) 
the  deflection  at  the  center  of  a  long  beam  and  (b)  the  mid-panel  deflection 
of  a  rigidly  supported  plate  having  the  same  shape  and  carrying  the  same 
loading  as  the  panel  under  consideration..  In  short,  if  the  longer  edges  of 
a  rectangular  plate  are  deflected  by  seme  amount  the  center  of  the  plate  tends 
to  deflect  by  the  same  amount. 

(b)  Column  Size 

Relatively  little  study  has  been  made  in  the  past  concerning  the 
effects  of  finite  column  size  (or  size  of  support  area)  on  deflections  and 
moments.  In  order  to  study  these  effects  the  method  of  finite  differences 
was  used  to  find  solutions  for  several  cases  of  typical  interior  plates  sup¬ 
ported  on  flexible  beams  and  nondeflecting  columns.  The  beams  were  assumed 
to  have  no  width  and  the  neutral  axes  of  the  beams  were  assumed  to  coincide 
with  the  neutral  surface  of  the  plate.  This  latter  assumption  was  necessary 
in  order  to  preclude  T-beam  action. 

The  columns  were  taken  as  square  for  all  aspect  ratios.  The 
relationship  between  the  size  of  the  column  and  the  plate  was  defined  by  the 
ratio  of  width  of  column  to  long  span  or  the  ratio  c/L.  In  addition  to 
deflections,  bending  moments  were  obtained  at  each  of  the  node  points  in  the 
two  orthogonal  directions  defined  by  the  two  spans.  Mid-panel  and  mid-beam 
deflections  and  bending  moments  for  selected  points  are  given  for  a  number 
of  cases  in  Tables  7  through  15 •  The  layout  of  a  typical  interior  panel  and 
the  locations  of  the  points  for  which  moments  are  given  are  shown  in  Fig.  3-6. 
A  description  of  the  computer  program  is  given  in  Appendix  B. 
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The  curves  depicted  In  Figs.  3.1  through  3.3  show  that  the  effect 
of  increasing  column  size  is,  as  would  he  expected,  to  decrease  deflection. 
Figures  3.7  through  3. 10  are  plots  of  mid -panel  and  mid-beam  deflections  versus 
the  ratio  c/L  for  the  different  values  of  H  and  R  considered.  These  curves 
show  that  the  reduction  in  deflection  was  nearly  a  linear  function  of  the 
increase  in  column  size  or  the  ratio  c/L.  The  decrease  in  deflection 
accompanying  increased  column  size  is  of  course  the  result  of  the  decreased 
spans  of  the  supporting  beams  and  the  reduction  of  the  total  load  to  be  carried 
by  the  plate.  Figure  3. 11  is  a  plot  of  mid-panel  deflections  versus  the 
aspect  ratio. 

If  it  is  desired  to  use  the  tabulated  deflection  coefficients  to 
determine  the  deflection  coefficient  for  an  interior  plate  supported  on  other 
than  square  columns  it  is  suggested  that  the  actual  columns  be  replaced  by 
square  columns  having  the  same  area  in  cross  section.  Entering  the  appropriate 
table  with  the  ratio  of  c/L  for  the  equivalent  columns  and  interpolating 
linearly  between  the  tabulated  deflection  coefficients  will  give  a  value 
sufficiently  accurate  for  use. 

(d)  Column  Stiffness 

The  only  available  extensive  investigation  of  the  effects  of  column 
stiffness  on  deflections  and  moments  in  continuous  structures  was  performed 
by  SLmmonds  (9)  using  the  method  of  finite  differences.  This  investigation 
was  limited  to  analyses  of  a  number  of  mathematical  models  of  symmetrical 
elastic  structures.  The  model  structure  considered  contained  nine  square 
panels  arranged  three -by -three.  The  panels  were  supported  on  beams  having 
both  flexural  and  torsional  rigidity  and  on  inextensible  columns  having 
flexural  stiffness.  The  beams  were  assumed  to  have  no  width  and  the  ratio  c/L 
was  zero.  A  square  grid  having  a  spacing  of  h  »  L/8  was  used. 
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The  column  stiffness  was  related  to  the  unit  plate  rigidity  by 
the  dimensionless  parameter 

I 

K - - -  (3.9) 

where  I  *<E>coAol  was  the  total  flexural  stiffness  of  the  column.  The 
beam  torsional  rigidity  was  related  to  the  plate  rigidity  by  the  dimension¬ 
less  parameter 

j  =  S  (3.10) 

where  G  =  shear  modulus  of  elasticity  =  E/2(l+u), 

G  =  a  measure  of  the  torsional  rigidity  of  the  beam  cross  section,  and 
L  =  span  of  square  panel. 

The  ratio  of  beam  to  plate  flexural  rigidities  was  defined  by  H  =  El/DL. 

Due  to  the  limitations  imposed  by  the  capacity  of  the  computer  used 
it  was  necessary  to  define  the  values  of  H,  J,  and  K  for  the  exterior  beams 
and  columns  as  constant  functions  of  the  corresponding  values  for  the  interior 
members.  H  and  J  for  the  edge  beams  were  taken  as  five-eighths  of  the  value 
of  H  and  J  for  the  interior  beams.  K  for  the  comer  columns  was  taken  as 
twenty  percent  of  K  for  the  interior  column.  For  an  edge  column  K  for  bending 
about  an  axis  perpendicular  to  the  discontinuous  edge  was  seventy  percent  of 
K  for  the  interior  column  and  K  for  bending  about  an  axis  parallel  to  the  edge 
was  thirty  percent  that  of  K  for  the  interior  column.  These  proportions  were 
similar  to  those  for  the  two-way  slab  test  structures  tested  during  other 
phases  of  the  floor-slab  investigation.  In  further  discussion  the  values  of 
H,  J,  and  K  referred  to  are  those  for  the  interior  columns  and  beams. 

Solutions  were  determined  for  the  case  of  a  uniform  load  on  all 
nine  panels  for  values  of  H  and  J  of  0.25,  1.0,  and  2.5  and  for  values  of  K  of 


,34- 


0,  10,  30,  90,  and  »  .  Tabulated  values  of  deflections  for  seven  points  on  the 
structures  are  given  In  Table  16.  Solutions  were  also  obtained  for  a  Halted 
range  of  parameters  for  a  pattern  loading  with  the  interior  and  the  comer 
panels  loaded.  Deflections  for  this  case  are  given  in  Table  17.  Points  No.  1, 
3  and  6  in  Tables  1 6  and  17  represent  the  centers  of  the  interior  edge  and 
comer  panels,  respectively.  The  remaining  points  are  located  on  the  beams 
midway  between  columns.  The  maximum  deflections  in  the  edge  and  comer  panels 
were  only  a  few  percent  greater  than  the  mid-panel  deflections  given  and 
occurred  close  to  the  mid -panel  points. 

The  effects  of  column  stiffness  and  beam  torsional  stiffness  were 
most  pronounced  on  the  comer  panel  deflections.  An  increase  in  the  column 
stiffness  or  beam  torsional  stiffness  reduced  the  deflections  in  a  comer 
panel  and  increased  the  deflections  in  the  interior  panel,  but. by  a  smaller 
amount.  The  limiting  case  would  occur  for  J  =  K  =  ».  For  this  case  the 
action  of  each  panel  would  be  identical. 

For  values  of  K  other  than  zero,  the  mid-panel  and  mid-beam 
deflections  for  the  interior  panel,  for  all  panelB  loaded,  are  given  approxi¬ 
mately  by  the  coefficients  tabulated  in  Table  10.  For  example,  for  H  *  0.25 
the  deflection  coefficient  for  the  center  of  the  interior  panel  (A^)  ranged 
from  O.OO385  for  J  =  0.25  and  K  =  10  to  0.00463  for  J  =  2.5  and  K  *  ».  The 
mid-panel  coefficient  for  a  typical  square  interior  panel  for  H  =  0.25  is 
0.00415- 

(e)  Partial  Loadings 

The  arrangement  of  the  loading  on  a  structure  has  a  large  effect 
on  the  ways  in  which  the  structural  elements  participate  in  carrying  the  load. 
Consider  the  nine-panel  structures  discussed  in  Section  3(d)  above.  Loading 
all  nine  panels  caused  relatively  little  rotation  of  the  interior  beams  and 
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hence  the  torsional  resistance  to  rotation  of  the  interior  "beams  and  the 

flexural  stiffnesses  of  the  interior  columns  had  little  effect  on  deflections. 

# 

However,  for  the  checkerboard  loading  a  much  larger  rotation  of  the  interior 
beams  and  columns  occurred,  thus  increasing  the  torsional  moments  in  the 
interior  beams  and  the  bending  moments  in  the  interior  columns  - 

The  changes  in  rotation  of  the  beams  and  columns  occurring  for  CB 
loading  had  the  effect  of  increasing  the  deflections  of  the  loaded  panels. 

The  magnitude  of  this  increase, was  a  function  of  the  resistance  to  rotation 
afforded  by  the  beams  and  columns.  However,  the  increase  in  deflections  of 
the  loaded  panels  was  in  large  part  offset  by  the  reduction  in  deflections  of 
the  beams  adjacent  to  unloaded  panels.  With  only  the  interior  and  comer 
panels  loaded,  the  interior  beams  were  required  to  carry  only  about  half  as 
much  load  as  when  all  panels  were  loaded.  The  reduced  beam  deflections  in 
turn  reduced  the  deflections  of  the  loaded  panels  thus  effectively  canceling 
the  increase  in  deflections  due  to  beam  and  column  rotations. 

The  deflections  at  the  center  of  the  loaded  interior  panel 
(A^  in  Table  17)  did  not  vary  by  more  than  14  percent  from  the  deflections 
for  all  panels  loaded.  For  K  =  0  the  value  of  A^  for  CB  loading  was  5  percent 
greater  for  flexible  beams  (H  =  J  =  O.25)  and  14  percent  greater  for  stiff 
beams  (H  =  J  =  2.5),  "but  for  K  =  w  the  deflection  at  this  point  was  12  percent 
less  for  flexible  beams  and  4  percent  less  for  stiff  beams  compared  to  all 
panels  loaded.  The  deflections  at  the  center  of  the  loaded  corner  panel  (Ag) 
were  slightly  less  in  all  cases  for  CB  loading  than  for  all  panels  loaded. 

For  flexible  beams  the  difference  was  about  5  percent  and  for  stiff  beams  it 
was  about  2  percent. 


*  To  be  referred  to  as  a  "CB  loading." 
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Pattern  loadings  have  a  greater  effect  on  moments  than  on  deflections . 
For  a  corner  panel  the  mid-panel  deflection  was  less  for  the  CB  loading  than 
for  all  panels  loaded  hut  the  corresponding  moments  were  a  small  amount  greater. 
For  the  interior  panel  the  CB  loading  caused  a  mid-panel  moment  which  was  as 
much  as  50  percent  greater  than  the  moment  for  all  panels  loaded.  The  50  per¬ 
cent  increase  was  for  K  =  0  and  H  =  J  =0.25.  For  H  =  J  =  2.5  and  K  =  “  the 
increase  was  5  percent  although  for  this  case  the  deflection  for  CB  loading 
was  4  percent  less  than  for  all  panels  loaded. 

Two  different  types  of  patterns  of  partial  loadings  may  be  considered 
in  analyses  for  maximum  moments  and  deflections.  For  structures  containing 
stiff  beams,  various  forms  of  checkerboard  loadings  may  be  expected  to  cause 
maximum  deflections  and  moments,  although  as  shown  above  this  may  not  always 
be  true  for  deflections.  For  structures  containing  no  beams  or  beams  of  low 
stiffness  various  arrangements  of  strip  loadings  cause  maximum  moments  and 
may  cause  maximum  deflections.  . 

For  a  continuous  array  of  square  plates  for  which  H  =  0  and  c/L  =0.2 

the  deflection  at  the  center  of  a  loaded  panel  is  0.00289  qL^/D  for  all  panels 

loaded.  With  eveiy  other  row  of  panels  loaded  the  deflection  coefficient  at 

the  center  of  a  loaded  panel  is  0.00292  which  represents  an  increase  of  one 

percent.  The  deflection  on  a  line  mid-way  between  column  centers  is  0.00173 
4  / 

qL  /D  for  all  panels  loaded.  For  the  strip  loading  this  deflection  is 

reduced  by  one-half  for  the  point  between  a  loaded  and  an  unloaded  strip, 

while  for  the  point  between  loaded  panels  it  is  increased  by  six  percent  to 
4/ 

0.00184  qL  /D.  While  the  strip  loading  causes  a  negligible  increase  in 
deflections  it  has  a  much  larger  effect  on  moments.  The  mid-panel  moment  for 

p 

all  panels  loaded  is  0.0224  qL  while  for  strip  loading  the  mid -panel  moment 
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in  a  direction  perpendicular  to  the  centerline  of  a  loaded  strip  is  0.0278  qL 
which  is  an  increase  of  2k  percent. 

Deflection  coefficients  are  given  in  Table  6  for  a  nine-panel 
structure  arranged  three-by -three  for  which  H  =  0,  c/L  =  0.1  and  K  =  ».  The 
mid-panel  deflection  for  the  comer  panel  was  about  two  percent  greater  for 
the  edge  row  of  panels  loaded  than  for  all  panels  loaded.  Loading  a  center 
row  of  panels  caused  a  deflection  at  the  center  of  the  interior  panel  which 
was  about  four  percent  larger  than  for  all  panels  loaded. 


3*3  Approximate  Methods  of  Analyses  for  Deflections 

The  complexity  of  the  theoretical  methods  of  analyses  of  plates  has 
led  various  investigators  to  attempt  to  formulate  simple  methods  of  analyses. 
The  basic  assumption  upon  which  the  majority  of  these  methods  have  been 
based  is  that  the  action  of  a  plate  may  be  taken  as  similar  to  that  of  a 
gridwork  of  intersecting  or  crossing  beams,  hence  the  term  "crossing-beam 
analogy . " 

One  of  the  first  appearances  of  the  crossing-beam  analogy  was  in 
an  early  text  (1904)  on  reinforced  concrete  design  by  Marsh  (29).  Marsh 
suggested  replacing  a  uniformly  loaded  plate  by  a  grid  of  uniformly  loaded 
beams.  From  the  condition  that  the  deflections  of  the  long  and  short  beams 
must  be  equal  at  mid-panel,  the  load  distribution  factor  defining  the 
proportion  of  the  uniformly  distributed  load  q  to  be  carried  in  the  short 
direction  was  found  to  be 


r  = 


L4 

S4  +  L4 


(3.11) 


where  L  was  the  longer  and  S  the  shorter  span  of  the  plate  considered.  The 


remaining  load  of  (l  -  r)  q  was  then  assigned  to  the  beams  spanning  in  the 

S 


longer  direction. 
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Since  the  crossing-beam  analogy  neglected  the  presence  of  twisting 
moments  in  the  plate  the  use  of  Eq.  3. 11  was  a  gross  over-simplification 
and  led  to  large  errors.  The  early  investigators  were  primarily  interested 
in  moments  rather  than  deflections.  However,  it  is  of  interest  to  note  that 
the  use  of  Eq.  3-H  for  uniformly  loaded  rectangular  plates,  rigidly  clamped 
on  all  edges,  gives  values  of  deflections  which  are  close  to  those  found  by 
"exact"  theory. 

Recognizing  that  the  use  of  Eq.  3. 11  neglected  the  effect  of 
twisting  moments  Marcus  (30)  developed  a  procedure  incorporating  a  modified 
crossing-beam  approach.  The  relationships  developed  for  moments  and 
deflections  contained  a  modifying  factor  which  was  a  function  of  the  number 
of  clamped  edges  and  the  aspect  ratio.  As  the  procedure  was  only  applicable 
to  cases  of  plates  supported  on  nondeflecting  supports,  for  which  theoretical 
solutions  were  already  available,  it  was  of  little  value. 

The  deflection  at  the  center  of  a  uniformly-loaded  typical  interior 
plate  for  which  H  =  c/L  =  0  may  be  estimated  by  taking  a  beam  of  unit  width 
having  a  span  equal  in  length  to  the  diagonal  dimension  of  the  plate  (31). 

The  beam  is  assumed  to  have  fixed  ends  and  a  loading  equal  to  that  on  the 
plate. 

Since  the  presence  of  flexible  beams  and  columns  in  a  structure  has 
a  large  effect  on  deflections  and  the  distribution  of  moments  a  reasonable 
method  of  analysis  for  moments  or  deflections  cannot  be  developed  on  the 
bases  of  solutions  for  plates  on  rigid  supports.  An  approximate  method  of 
analysis  for  deflections  in  continuous  structures  which  does  take  into 
account  the  flexibilities  of  the  supporting  beams  and  columns  is  presented 
in  the  next  chapter. 


3 

3 

3 


k.  FRAME  ANALYSIS 


4.1  Introductory  Remarks 

This  chapter  describes  the  development  of  a  two-dimensional  analysis 
for  deflections  of  floor  slabs.  The  two-dimensional  analysis  is  based  on 
three-dimensional  analyses  of  structures  having  uniformly  loaded  rectangular 
panels  supported  at  all  corners.  Although  the  basic  development  of  the  method 
refers  to  a  linearly  elastic  structure,  the  effects  of  cracking,  yielding,  and 
time -dependent  deformations  may  be  taken. into  account.  These  factors  are 
considered  in  Chapter  5 • 

The  terms  "structure,"  "slab”  and  "floor  slab"  are  used  inter¬ 
changeably.  All  terms  refer  to  a  three-dimensional  structure  containing  beams, 
plates,  and  columns.  Each  floor  of  the  structure  is  assumed  to  be  at  a  single 
level.  The  columns  are  assumed  to  be  inextensible  but  to  have  a  finite 
flexural  stiffness.  Hence ,  the  term  "deflection" refers- to  the  movement  of  a 
portion  of  the  structure  parallel  to  the  axis  of  the  columns.  Unless  noted 
otherwise,  the  datum  plane  for  deflections  is  the  unloaded  position  of  the 
structure . 

The  frame  analysis  method  is  based  upon  a  concept  of  the  way  in 
which  a  multiple -panel  continuous  slab  deflects.  Figure  4.1  represents  a 
portion  of  such  a  structure  showing  the  deformed  shape  that  the  structure 
would  assume  under  uniform  load.  Consideration  of  the  bending  moments  in  a 
given  span  of  the  slab  leads  to  the  conclusion  that  there  are  lines  of  contra- 
flexure  in  the  slab  analogous  to  the  points  of  contraflexure  in  a  continuous 
beam.  The  lines  of  contraflexure  deviate  slightly  from  a  straight  line,  the 
deviation  depending  on  the  size  and  stiffness  of  the  beams  and  columns. 
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How  ever,  plate  solutions  for  Interior  panels  Indicate  that  lines  of  contra- 
flexure  in  a  given  span  are  located  approximately  two-tenths  of  the  span 
considered  fran  each  of  the  supporting  beams.  Thus,  for  the  panel  shown  in 
Pig.  4.1,  the  lines  of  contraflexure  in  the  spans  S  and  L  may  be  considered 
with  little  error  to  be  located  as  shown  by  the  broken  lines. 

For  the  purpose  of  making  a  frame  analysis,  the  real  structure  is 
assumed  to  be  replaced  by  a  "physical  analog"  consisting  of  beam  and  plate 
elements,  these  elements  being  delimited  by  the  lines  of  contraflexure.  Thus, 
in  Fig.  4.1  the  two  beam  elements  in  the  long  direction  are  shown  shaded. 

Only  one-half  of  the  beam  elements  in  the  short  direction  are  shown.  The 
plate  element  is  the  portion  of  the  panel  bordered  by  the  four  beam  elements. 

The  division  of  the  structure  into  elements  allows  the  deflection  at 
the  center  of  a  panel  to  be  computed  as  the  sum  of  the  deflections  of  the 
constituent  elements .  A  beam  element  tends  to  form  an  anticlastic  or  saddle- 
shaped  surface  when  deformed.  Hence,  the  deflection  at  the  center  of  the  beam 
on  a  line  between  column  centers  is  less  than  the  deflection  at  the  free  edge 
of  the  beam  at  the  same  distance  from  column  centers.  The  total  deflection 
at  the  center  of  the  symmetrical  panel  would  then  be  the  sum  of  (a)  the 
deflection  at  the  center  of  the  beam  in  respect  to  its  supporting  columns 
(A  in  Fig.  4.1),  (b)  the  deflection  at  the  edge  of  the  beam  in  respect  to  its 
center  (A^),  and  (c)  the  additional  deflection  of  the  plate  element  (Ac). 

The  frame  analysis  described  in  the  following  sections  leads  directly 
only  to  the  deflections  at  the  centers  of  the  beam  elements  (A  in  Fig.  4.1). 

A  second  procedure  is  described  by  which  the  additional  deflections  (A^  and  Aq) 
may  be  found. 

The  computations  involved  in  making  a  frame  analysis  for  deflections 
may  be  divided  into  four  phases  as  follows: 
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1.  A  portion  of  the  three-dimensional  structure  is  selected  for 
use  in  a  two-dimensional  analysis.  In  further  discussion  this 
portion  is  termed  the  "ersatz  frame." 

2.  The  stiffness  parameters  to  be  used  in  the  analysis,  which 
are  functions  of  the  flexural  and  torsional  rigidities  of 
the  constituent  parts  of  the  ersatz  frame,  are  computed. 

3.  The  loading  to  be  applied  to  the  ersatz  frame  is  determined. 

4.  An  analysis  of  the  frame  for  moments,  slopes,  and  deflections 
is  made  using  conventional  methods. 

The  procedure  outlined  above  gives  the  elastic  deflections  of  points 
on  the  ersatz  frame.  The  deflection  at  the  center  of  a  panel  with  respect  to 
its  supporting  beams  is  given  by  a  second  procedure  which  is  referred  to  as 
the  S-method.  This  method  is  described  in  Section  4.2.  The  method  of  deter¬ 
mining  the  load  to  be  applied  to  the  ersatz  frame  is  discussed  in  4.3  and  the 
details  of  the  frame  analysis  are  described  in  4.4.  The  application  of  the 
method  to  elastic  structures  is  considered  in  4-5.  Discussion  of  time -dependent 
strains,  cracking  of  the  concrete  and  yielding  of  the  reinforcement  is  deferred 
to  Chapter  5* 

4.2  Approximate  Solution  for  the  Mid-Panel  Deflection  of  a  Clamped  Plate  on 
Rigid  Supports 

The  frame  analysis  method  for  deflections  gives  directly  only  the 
deflections  at  the  centers  of  the  spans  between  the  columns.  To  determine  the 
deflection  at  the  center  of  a  given  panel  with  respect  to  its  supporting  beams 
it  is  necessary  to  add  to  the  deflections  of  the  supporting  beams  an  additional 
quantity.  For  a  typical  interior  panel  chis  additional  quantity  is  approxi¬ 
mately  the  deflection  that  would  be  obtained  for  a  plate  with  all  four  edges 
clamped  and  having  the  same  size  and  loading  as  the  panel  of  the  floor  slab 


under  consideration.  For  other  than  an  interior  panel  this  additional 
quantity  is  about  what  would  be  obtained  for  a  clamped  plate  subjected  to 
some  edge  rotation. 

In  view  of  this,  it  is  necessary  to  have  at  hand  some  approximate 
procedure  with  which  to  compute  the  deflections  of  clamped  plates  which  will 
allow  edge  rotations  to  be  taken  into  account.  Such  a  procedure  is  outlined 
below  and  is  termed  the  Smethod. 

Consider  a  fixed-ended  beam  carrying  a  uniformly  distributed  load. 

The  beam  mid-span  deflection  may  be  readily  determined  using  conventional 
methods  considering  the  entire  beam.  The  mid-span  deflection  may  also  be 
determined  by  assuming  that  the  beam  acts  as  a  "structure"  consisting  of  two 
cantilever  beams,  each  extending  from  its  fixed  support  to  a  point  of  contra- 
flexure,  and  a  simply  supported  beam  spanning  between  points  of  contraf lexure . 
Each  beam  would  have  acting  on  it  the  uniformly  distributed  load  and  in  addition 
each  cantilever  would  have  acting  at  its  free  end  the  reaction  from  the  simply 
supported  span.  The  deflection  at  the  center  of  the  "structure"  may  then  be 
obtained  by  summing  the  deflections  of  the  constituent  parts .  Since  it  is 
necessary  to  know  the  locations  of  the  points  of  contraflexure  the  S-method 
affords  no  savings  of  labor  in  beam  analysis.  However,  the  same  approach  may 
be  applied  to  the  analysis  of  a  clamped  plate  and  the  resulting  method  will 
permit  the  approximate  analysis  of  clamped  plates  subjected  to  some  edge 
rotation . 

The  method  as  applied  to  a  clamped  plate  differs  from  the  method  as 
applied  to  a  fixed  beam  in  that  the  points  of  contraflexure  in  the  fixed  beam 
becomes  lines  of  contraflexure  in  the  clamped  plate  and  the  simply  supported 
span  in  the  beam  becomes  a  simply  supported  plate  within  the  clamped  plate. 

For  a  square  clamped  plate  the  distance  from  the  center  of  an  edge  to  a  line 
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of  contraflexure  for  moments  in  a  given  span  is  slightly  greater  than  twenty 
percent  of  the  span.  For  other  than  square  clamped  plates  a  study  of  the 
moments  obtained  for  typical  Interior  panels,  as  discussed  in  Chapter  3  and 
Appendix  B,  show  that  this  is  still  nearly  the  case. 

The  deflection  at  the  center  of  the  square  clamped  plate  may  be 
determined  by  computing  the  deflection  of  a  cantilever  "stub”  beam  extending 
from  the  center  of  an  edge  and  having  a  length  equal  to  one-fifth  the  span, 
and  adding  to  this  deflection  that  of  a  simply  supported  square  plate  having 
a  span  equal  to  three-fifths  that  of  the  clamped  plate.  The  deflection  of 
the  cantilever  "stub"  beam  is  computed  assuming  it  to  have  a  unit  width  and 
a  loading  consisting  of  a  uniform  loading  over  its  length  and  a  concentrated 
load  at  its  free  end.  The  area  assumed  to  contribute  to  the  concentrated 
load  has  unit  width  and  extends  from  the  end  of  the  "stub"  to  the  canter  of 
the  plate. 

The  deflection  at  the  center  of  a  square,  uniformly  loaded,  clamped 

plate  on  rigid  supports  is  0.001265  qL  /D.  The  deflection  computed  using  the 

4/ 

S-method  is  0.00153  qL  /D  which  is  21  percent  greater  than  the  correct  value. 
This  error  is  on  the  conservative  side  and  is  largest  for  a  square  panel.  As 
the  aspect  ratio-  decreases  from  one  to  zero,  the  deflection  coefficient 
approaches  that  of  a  fixed  beam.  The  effect  of  a  known  edge  rotation  of  the 
plate  may  be  taken  into  account  by  assuming  that  the  rotation  is  applied  to 
the  supported  end  of  the  cantilever  "stub"  and  then  proceeding  through  the 
S-method  for  clamped  plates  as  described  above. 

4.3  Effects  of  Stiffness  Parameters  and  Aspect  Ratio  on  Frame  Loading 

As  pointed  out  in  previous  discussion,  the  deflection  at  the  center 
of  an  interior  panel  supported  on  flexible  beams  may  be  determined  approximately 


by  adding  to  the  beam  mid-span  deflection  that  Quantity  given  by  the  S-method 
The  difficulty  in  determining,  by  an  approximate  method,  the  mid-panel 
deflection  of  a  plate  supported  on  flexible  beams  lies  in  computing  the  beam 
mid-span  deflection.  The  beam  mid-span  deflection  may  be  computed  in  the 
following  nanner.  Consider  an  infinite  array  of  uniformly  loaded,  similar 
panels,  supported  on  flexible  beams.  A  portion  of  this  array  would  appear 
as  shown  in  Sketch  A.  . 


SKETCH  A 

The  lines  of  contraflexure  are  assumed  to  be  located  as  shown  by 
the  broken  lines  in  Sketch  A.  The  deflections  of  the  beams  spanning  in  the 
long  direction  have  a  greater  effect  on  the  mid -panel  deflection  than  do  the 
deflections  of  the  short  beams.  Hence  in  making  a  frame  analysis,  the  ersatz 
frame  to  be  considered  for  a  structure  having  finite  dimensions,  or  the  ersatz 
beam  to  be  considered  when  dealing  with  an  infinite  array  of  panels  would 
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consist  of  that  portion  of  the  slab  containing  the  beam  (if  any)  in  the  long 
direction  and  lying  between  lines  of  contraflexure .  Thus  for  panel  P  in 
Sketch  A  the  two  areas  shown  hatched  would  constitute  the  ersatz  beams. 

The  load  assigned  to  each  of  these  ersatz  beams  includes  the  load 
within  the  confines  of  the  hatched  area  plus  a  portion  of  the  load  on  the 
segment  of  the  panel  lying  between  ersatz  beams.  This  sequent  of  the  panel 
represents  the  simply  supported  plate  discussed  in  the  description  of  the 
S-method.  The  additional  load  carried  by  the  ersatz  beam  may  be  considered 
as  the  reaction  of  this  simply  supported  plate. 

The  additional  portion  of  the  load  to  be  taken  as  acting  on  the 
ersatz  beam  is  most  conveniently  defined  by  the  angle  where  is  the 
angle  between  the  edge  of  the  ersatz  beam  spanning  in  the  long  direction  and 
the  border  of  the  area  considered  as  contributing  load  to  the  ersatz  beam. 

The  angle  is  shown  in  Sketch  A. 

The  altitude  of  the  trapezoid  or  triangle  defined  by  the  angle 
may  be  less  than  or  eq^ual  to,  but  not  more  than  one-half  the  distance  between 
edges  of  opposite  ersatz  beams. 

The  factors  affecting  for  a  symmetrical  interior  panel  are  the 
aspect  ratio,  R,  of  the  plate  and' the  ratio  of  beam  to  slab  rigidities,  H. 

The  path  by  which  the  load  on  a  plate  is  transferred  to  the  beams  and  then 
to  the  columns  is  affected  by  both  H  and  R.  The  stiffer  the  beam  supporting 
a  panel  the  greater  is  the  tendency  for  the  load  to  travel  to  the  beam  and 
then  to  the  column. 

For  the  practical  range  of  values  of  and  R  considered  in  com¬ 
puting  the  deflections  and  moments  summarized  in  Tables  7  -  15/  the  following 
expression  defines  a  satisfactory  relationship  between  and  the  parameters 
and  R 
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which  is  valid  for  0.5  <  R  <  1.0  and  tt- 


■  R) 

>  0. 


(4  -  Vl 
2(1  +  V- 


(4.1) 


Thus,  for  a  square  panel  this  expression  would  require  that  be  45°  for  all 
values  of  H.  The  values  required  to  fit  the  data  in  Table  10  for  a  square 
panel  range  from  41°  for  H  =  0  to  47°  for  H  =  4.  As  the  deflection  is  not 
very  sensitive  to  errors  in  a,  this  expression  is  satisfactory.  For  R  less 
than  one-half  the  panel  may  be  considered  to  be  acting  as  a  beam  in  the  long 
direction. 


Similarly,  the  loading  to  be  taken  as  acting  on  a  beam  spanning  in 
the  short  direction  is  defined  by  an  angle  Ctg  such  that 

ag  =  90°  -  (4.2) 


The  expression  for  0^  given  above  is  strictly  applicable  only  for 

and  Hg  considered  in  obtaining  Table  10.  However, 
for  nonsquare  panels  the  deflection  of  a  beam  spanning  in  the  long  direction 
is  primarily  a  function  of  the  rigidity  in  the  long  direction  and  is  affected 
little  by  the  rigidity  of  the  beams  in  the  short  direction.  This  is  shown  by 
the  similarity  of  the  coefficients  given  in  Tables  7,  10,  and  1J.  Hence,  the 
expressions  given  above  in  Eqs.  4.1  and  4.2  may  be  considered  as  applicable 
to  most  practical  cases  of  nonsquare  interior  panels,  provided  that  the 
parallel  beams  in  the  long  direction  have  the  same  flexural  rigidity. 

For  square  panels  or  nearly  square  panels  having  beams  of  unequal 
rigidities  in  the  different  spans  the  mid-panel  deflection  may  be  found 
approximately  by  assuming  that  the  function  as  given  in  Eq.  4.1  may  be 
used  for  each  span.  The  average  of  the  ersatz  beam  deflections  thus  obtained 
would  be  taken  as  the  quantity  to  use  in  conjunction  with  the  S-method. 

However,  the  beam  deflections  obtained  may  be  expected  to  be  in  error. 


the  relationship  between  H^ 
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The  expression  for  given  above  was  developed  upon  considerations 
of  the  behavior  of  interior  panels.  For  a  real  structure  containing  edge  and 
comer  panels  the  load  distribution  in  a  row  of  panels  adjacent  to  a  discon¬ 
tinuous  edge  would  be  somewhat  different  than  for  an  interior  row  of  panels. 
This  difference  could  be  accounted  for  by  reducing  the  distance  between  the 
discontinuous  edge  and  the  line  of  contraflexure  or  by  changing  the 
function.  Either  the  function  or  the  distance  between  discontinuous  edge 
and  line  of  contraflexure,  or  both  would  then  have  to  be  functions  of  the 
aspect  ratio,  the  stiffness  of  the  beams  perpendicular  to  and  parallel  with 
the  discontinuous  edge,  the  stiffnesses  of  the  interior  and  edge  columns,  and 
the  torsional  stiffnesses  of  the  edge  beams.  The  complexity  of  the  function 
or  functions  necessary  to  describe  the  effects  of  these  variables  would  pre¬ 
clude  their  use.  Hence  in  all  further  discussion  the  assumption  is  made  that 
the  ersatz  frame  may  be  cut  from  the  edge  and  comer  panelB  Just  as  for  the 
interior  panels.  It  will  be  shown  in  Section  4-5  that  this  assumption  leads 
to  seme  error  but  that  the  results  obtained  compare  well  with  "exact"  results. 

4.4  Details  of  Frame  Analysis 

The  four  basic  steps  in  the  method  for  the  frame  analysis  of  a 
structure  for  deflections  consist  of  (a)  selecting  a  portion  of  the  structure 
to  act  as  the  ersatz  frame,  (b)  selecting  the  load  to  act  on  this  frame, 

(c)  determining  the  stiffness  and  carry-over  factors  for  the  frame,  and  (d) 
performing  an  analysis  for  moments,  slopes  and  deflections  using  conventional 
means.  The  details  of  the  method  may  best  be  explained  by  means  of  an  example. 
Consider  the  layout  of  a  floor  slab  as  shown  in  Fig.  4.2.  This  layout  is 
representative  of  the  structures  tested  at  the  University  of  Illinois  during 
other  phases  of  the  floor  slab  investigation. 
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The  first  step  in  the  frame  analysis  for  deflections  is  to  cut  an 
ersatz  frame  out  of  the  three-dimensibnal  structure.  For  the  structure  shown 
in  Fig.  4.2  there  are  two  types  of  ersatz  frames,  an  interior  frame  and  an 
edge  frame.  The  portions  of  the  structure  to  be  used  in  these  frames  are 
shown  shaded  in  Fig.  4.2. 

The  second  step. is  the  determination  of  the  loading.  Assuming  the 
beams  in  perpendicular  directions  to  have  similar  rigidities,  the  load  to  be 
applied  to  each  of  the  ersatz  frames  would  comprise  the  load  included  between 
the  edges  of  the  ersatz  frame  and  the  additional  load  defined  by  an  angle 
of  45°.  The  contributing  areas  defined  by  0!^  =  45°  are  shown  bordered  by 
dotted  lines  and  the  edges  of  the  ersatz  frames  in  Fig.  4.2. 

The  third  step  is  the  determination  of  the  stiffness  and  carry-over 
factors  of  the  frame  for  use  in  the  Cross  moment-distribution  method.  These 
may  be  computed  considering  the  uncracked  sections  of  the  ersatz  frame. 

Assume  that  section  A-A  in  Fig.  4.2  has  the  following  cross  section. 


B  — - 1 


B  —I 


Section  A-A 
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An  assumption  cormonly  made  In  structural  analysis  is  that  a  frame  having 
finite  dimensions  nay  he  reduced  to  a  "line"  structure  for  purposes  of 
analysis.  The  "line"  representation  of  Section  A -A  is  shown  by  broken  lines 
in  Sketch  B.  The  horizontal  portions  of  the  "line"  structure  in  Sketch  B 
are  located  at  mid-depth  of  the  panel  thickness  in  the  case  of  a  flat  plate 

i 

or  flat  slab.  If  beams  are  present  the  "lint"  portions  are  taken  as 
coinciding  with  the  neutral  axes  of  the  T-beam  portions  of  the  ersatz  frame. 
Studies  have  shown  that  the  ccmputed  stiffnesses  of  the  columns  are  relatively 
unaffected  by  small  changes  in  the  location  of  the  horizontal  "line"  portions. 

In  determining  the  stiffness  parameters  for  the  ersatz  frame  it  is 
necessary  to  consider  two  types  of  members.  The  first  of  these  is  a  flexural 
element  such  as  the  beam  spanning  between  the  columns  in  Sketch  B.  The  second 
type  is  a  combined  torsional-flexural  member  made  up  of  a  column  and  the  beams 
framing  into  it  from  a  direction  perpendicular  to  the  longitudinal  axis  of 
the  ersatz  frame.  The  stiffnesses  for  these  two  types  of  members  may  be 
determined  as  follows: 

(a)  Flexural  Members 

The  stiffnesses  and  carry-over  factors  for  the  beam  portions  of  the 
ersatz  frame  may  be  determined  using  conventional  methods  such  as  the  column 
analog/.  In  using  the  column  analogy  method  it  is  necessary  to  construct  a 
l/BX  diagram  for  the  member  under  consideration.  The  l/EI  diagram  for  the 
beam  AB  shown  in  Sketch  B  has  been  drawn  directly  beneath  the  beam.  In  pre¬ 
paring  this  diagram  it  was  assumed  that  the  portion  of  the  structure  between 
the  fftce  of  the  column  and  the  column  center  line  could  be  treated  as  rigid. 
Hence  the  l/SI  diagram  for  this  portion  of  the  diagram  is  a  line.  It  is  suf¬ 
ficiently  accurate  to  assume  a  linear  variation  in  the  l/EI  diagram  between 
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the  face  of  a  column  and  tha  edge  of  a  column  capital.  Tha  uncrackad  moment 
of  inartia  of  a  aaction  la  computed  about  ita  own  centroid. 

If,  for  the  Section  A-A  shown  In  Sketch  B,  a  croaa  aaction  through 
the  canter  of  the  eraatz  beam  were  rectangular  In  form  then  the  value  of  H 
would  evidently  be  zero  and  the  question  of  T-beam  action  could  be  neglected. 
However,  if  the  eraatz  beam  Included  both  elab  and  beam  it  would  be  necesaary 
to  consider  the  question  of  T-beam  action  in  order  both  to  compute  the  value 
of  H  and  to  compute  the  composite  value  of  the  moment  of  inertia  for  the 
ersatz  beam.  Assume  that  the  Section  B-B  in  Sketch  B  baa  the  cross  section 
shown  in  Sketch  C. 


SKETCH  C 


The  amount  of  slab  that  acts  with  the  beam  to  form  a  T-beam  is 
difficult  to  assess.  A  greater  amount  of  the  slab  may  be  expected  to  partici¬ 
pate  in  T-beam  action  in  the  positive  moment  region  of  the  slab  than  in  the 
negative  moment  region,  and  the  amount  of  slab  participation  varies  with  the 
amount  of  cracking  that  takes  place.  A  number  of  studies  have  been  made  in 
attempts  to  determine  how  much  T-beam  action  occurs  and  most  building  codes 
contain  provisions  for  defining  the  amount  of  slab  to  be  assumed  as  acting 
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as  the  flanges  of  a  T-beam  (52,33) .  However,  the  problem  is  still  undefined 
and  it  appears  satisfactory  to  assume  sin  amount  of  slab  to  be  acting  with  the 
beam  as  would  be  defined  by  a  line  drawn  from  the  bottom  of  the  beam  to  the 
bottom  of  the  slab  and  at  the  angle  of  45°  with  the  vertical  face  of  the  beam 
web.  Following  this  suggestion  the  T-beam  for  the  section  shown  in  Sketch  C 
is  as  shown  by  the  hatched  area.  The  value  of  H  would  then  be  computed  as 
the  ratio  of  the  moment  of  inertia  of  the  T-beam  to  the  sum  of  the  moments  of 
inertia  of  the  portions  of  the  adjacent  panels  lying  between  the  edges  of  the 
T-beam  and  the  centers  of  the  panels.  The  composite  value  of  the  moment  of 
inertia  of  the  ersatz  beam  would  be  the  sum  of  the  value  for  the  T-beam  and 
the  values  of  the  portions  of  the  slab  lying  between  the  edges  of  the  T-beam 
and  the  edges  of  the  ersatz  frame,  the  value  for  each  section  being  computed 
about  its  own  centroid. 

For  the  case  of  a  concrete  slab  supported  on  steel  beams  the  rigidity 
of  the  steel  beam  alone  would  be  used  in  analysis  if  there  were  little  or  no 
provision  for  transfer  of  shear  between  the  lower  surface  of  the  slab  and  the 
upper  flanges  of  the  steel  beam.  If  shear  connectors  were  adequate  a  portion 
of  the  slab  as  defined  above  could  be  considered  as  acting  with  the  steel  beam. 
In  either  case  the  tributary  area  for  purposes  of  determining  the  load  to  be 
carried  by  the  beam  would  be  as  previously  defined. 

(b)  Flexural-Torsional  Members 

At  the  junction  of  the  ersatz  beam  in  an  ersatz  frame  with  an  end 
column  there  is  a  transfer  of  bending  moment  from  ersatz  beam  to  column.  Seme 
of  this  moment  is  transferred  directly  from  ersatz  beam  to  column  and  some  is 
transferred  from  ersatz  beam  to  the  spandrel  beam  lying  perpendicular  to  the 
longitudinal  axis  of  the  ersatz  beam  and  thence  is  carried  to  the  column  by 
twisting  moments  in  the  edge  beam.  This  action  is  shown  in  the  exploded  view 
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of  a  beam-column  connection  (Sketch  D).  At  an  interior  column  the  difference 
in  end  moments  between  the  adjacent  ersatz  beams  is  transferred  to  the  column 
in  a  similar  fashion. 


The  action  of  the  edge  beam  in  assisting  in  the  transfer  of  bending 
moment  between  column  and  ersatz  beam  has  the  effect  of  "softening"  the  beam- 
column  connection.  Hence  it  is  necessary  to  compute  the  stiffness  of  the 
combined  column-edge  beam  combination.  This  combined  stiffness  is  a  function 
of  the  flexural  stiffness  of  the  column  and  the  torsional  stiffnesses  of  the 
beams  framing  into  either  side  of  the  column. 

The  combined  stiffness  of  the  beam-column  combination  may  be  found 
assuming  the  beam  and  the  column  to  act  essentially  as  two  springs  in  series. 
The  combined  stiffness  may  be  defined  by  the  expression 

■'bo  ■  fir;  (4-5) 

where  is  the  stiffness  of  the  beam-column  combination,  mc  is  the  moment 
acting  on  the  column,  is  the  rotation  at  the  near  end  of  the  column  caused 
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by  ac>  and  9^  is  the  average  rotation  of  the  team  with  respect  to  the  column. 
The  term  9 ^  may  be  found  by  conventional  methods  assuming  the  far  ends  of  the 
column  to  be  fixed.  Expression  4.1  and  the  following  procedure  for  determining 
were  developed  by  Corley  (34). 

In  developing  a  method  for  computing  9^  it  is  necessary  to  make 
certain  simplifying  assumptions.  It  is  assumed  that  a  unit  twisting  moment 
is  applied  along  the  length  of  the  beams  framing  into  the  column  under  con¬ 
sideration.  This  unit  twisting  moment  causes  a  unit  rotation  to  occur  at  each 
point  of  the  beam  as  shown  in  Fig.  4.3-  The  angle  9 ,  as  defined  by  Corley, 
was  one-half  the  area  under  the  unit  rotation  diagram  between  the  edge  of  the 
column  and  the  center  of  a  beam  framing  into  the  column.  Since  in  the  pro¬ 
cedure  for  frame  analysis  for  deflections  the  ersatz  frame  is  taken  as 
including  only  one-fifth  the  width  of  the  panel  lying  on  either  side  of  the 
center  line  of  the  frame,  rather  than  one-half  of  each  panel  as  in  Corley's 
procedure,  only  the  portion  of  the  unit  rotation  diagram  lying  between  the 
edges  of  the  ersatz  frame  is  considered  in  computing  9 ,  Hence  for  a  value 

of  <t  =  ^  I"  ^  the  value  of  0.  would  be 
max  2GC  t 


L[0.64  -  2.0(c/L)  +  (c/L)21 
t  16GC 


In  expression  4.3  the  term  G  represents  the  modulus  of  elasticity  in  shear. 

The  modulus  of  elasticity  in  shear  is  related  to  the  modulus  of  elasticity  E 
by  the  expression  G  =  E/2(l+u)  where  u  is  Poisson's  ratio.  It  is  sufficiently 
accurate  to  neglect  u  and  to  take  G  as  E/2  in  Eq.  4.4. 

The  term  C  in  expression  4.3  is  a  measure  of  the  torsional  rigidity 
of  the  cross  section  of  the  beam.  For  a  rectangular  section  Timoshenko  (35) 
has  developed  the  following  expression  for  C: 

C  =  0  djt l„  (4.5) 
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where  4.  Is  the  larger  and  the  smaller  dimension  of  the  cross  section  and  0 
is  a  factor  which  is  a  function  of  the  ratio  of  t^  to  d^.  For  very  small  ratios 
of  t1/d1  (0.1  or  less)  0  is  1/3.  For  the  range  of  t^/d.^  ratios  commonly  used 
for  reinforced  concrete  beams  0  may  he  taken  as  l/3(l  -  0.630t-/d^).  The 
value  of  0  as  a  function  of  the  t^/d1  ratio  is  shown  graphically  in  Fig.  4.4. 

The  value  of  C  for  a  T-beam  is  given  by  Nylander  (36)  as 

CT  =  CR  +  (t3)(0.33u  -  0.17v  -  0.21t)  (4.6) 

where  C^,  is  the  torsional  constant  for  the  T-beam,  CR  is  the  torsional  constant 
for  the  rectangular  beam,  and  the  other  terms  are  the  dimensions  as  shown  in 
Sketch  C. 

Rather  than  use  expression  4.6  in  determining  the  total  value  of  C 
for  a  T-beam  it  is  sufficiently  accurate  to  sum  the  values  of  C  computed  for 
each  of  the  rectangular  elements  forming  the  T-beam.  These  elements  are  the 
stem,  having  a  depth  equal  to  the  total  depth  of  the  T-beam,  and  the  flange 
or  flanges.  Hence  the  final  value  of  C  for  the  T-beam  would  be 

c  =  ^0d1t15  (4.7) 

If  the  values  of  0^  computed  for  each  of  the  beams  framing  into  a  column  are 
different  than  the  average  of  the  two  values  may  be  used  in  expression  4.3. 

If  no  edge  or  interior  beams  are  present  in  the  slab  then  a  strip  of 
slab  equal  in  width  to  the  width  of  the  column  may  be  considered  as  acting  as 
beams  for  the  purpose  of  computing  0^. 

After  the  stiffnesses  have  been  found,  bending  moments,  slopes,  and 
deflections  may  be  computed  by  conventional  means.  The  rotation  of  a  column 
may  be  computed  by  dividing  the  column  moment  by  the  column  stiffness. 

Assuming  the  slope  caused  by  the  column  rotation  remains  constant  from  the 
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center  of  the  column  to  its  faceB  or  the  junctures  of  the  column  capital 
(if  any)  with  the  slab,  it  may  be  seen  that  the  column  rotation  has  the  effect 
of  imparting  an  end  deflection  and  rotation  to  either  beam  element  framing 
into  the  column.  The  effects  of  these  initial  displacements  on  the  beam  mid¬ 
span  deflection  may  be  found  using  ordinary  procedures. 

The  additional  deflection  of  the  beam  caused  by  the  loads  on  the 
beam  may  be  found  assuming  the  beam  to  act  as  a  prismatic  member  with  a  span 
equal  to  the  clear  distance  between  column  faces  or,  if  column  capitals  aye 
present,  to  the  distance  between  the  points  at  which  the  capitals  intersect  the 
lower  surface  of  the  slab.  The  load  on  a  beam  includes  a  uniformly  distributed 
load  and  a  load  having  a  trapezoidal  or  triangular  distribution.  Formulae  for 
deflections  for  this  latter  type  of  loading  are  given  in  Table  18.  The  formulae 
given  in  Table  18  are  for  a  beam  having  a  load  placed  symmetrically  about  the 
mid-point  of  the  span.  For  a  beam  having  a  loading  that  is  not  quite  symmetrical 
about  mid-span  the  formulae  may  be  used  by  substituting  into  the  formulae  the 
smaller  of  the  values  of  aL  computed  for  the  beam  under  consideration. 

Once  the  beam  mid-span  deflections  have  been  determined  the  frame 
analysis  is  completed.  The  mid-panel  deflections  may  next  be  obtained  using 
the  S-method.  Consider  the  nine-panel  structure  shown  in  Fig.  4.2.  For  the 
symmetrical  structure  shown  there  are  only  seven  points  for  which  deflections 
need  be  determined. 

Assume  that  deflections  in  the  form  of  coefficients  of  qlA/D  have 

been  obtained  for  points  2,  4,  5>  and  7  using  the  frame  analysis,  and  that 

slopes  in  the  form  of  coefficients  of  qL^/D  have  been  obtained  at  the 

points  A,  C,  E  and  G.  In  the  discussion  of  the  S-method  it  was  shown  that 

the  deflection  coefficient  obtained  by  application  of  the  method  was 
4  / 

0.00155  qL  /D  for  a  square  clamped  plate.  Hence,  if  there  were  no  rotation 


of  the  beams  in  the  structure  shown  in  Pig.  4.2  then  the  deflection  at  point 
No.  1  would  be  Ag  +  0.0015344  /B*  The  actual  rotation  of  the  beams  is  difficult 
to  determine.  However,  if  it  is  assumed  that  the  beam  containing  point  No.  2 
undergoes  a  constant  rotation  ©c  throughout  its  length  (about  its  longitudinal 
axis)  then  the  effect  of  beam  rotation  may  be  taken  into  account  in  an  approxi¬ 
mate  manner.  The  rotation  of  the  beam  would  have  the  effect  of  rotating  the 
"stub"  cantilever  beam  discussed  in  Section  4.2.  Thus  the  deflection  at 
point  No.  1  would  be 

t4 

Aj_  =  A2  +  (0.00153  3g-)  -  0.2(ec)(L)  (4.8) 


where  0.2L  is  the  length  of  the  "stub"  beam. 

In  like  manner  the  deflection  of  point  No.  3  may  be  obtained  as 

4  (8  +  9 ) 

^5  =  £5  +  (0.00153  Sg-)  -  0.2L  t - (4.9) 

For  this  point  only  the  deflection  of  the  interior  ersatz  frame  is  considered 
in  obtaining  the  center  of  panel  deflection.  For  the  corner  panel  the  mid¬ 
panel  deflection  is 


A6  =  (0.00153  ^)  +  0.5  {  Aj.  +  0.2L  (  °  g  fe)  +  ^  +  0.2L  (~-g  ~)  J- 


0.  + 

A  E\ 


(4.10) 


Since  for  the  corner  panel  both  the  edge  and  the  interior  beams  have  a  large 
effect  on  the  mid-panel  deflection  their  average  contribution  is  used. 


4.5  Application  of  the  Frame  Analysis  to  Elastic  Structures 

The  procedure  described  in  the  previous  sections  was  used  to  analyze 


a  number  of  the  elastic  structures  considered  by  Simmonds  (9).  These  were 
idealized  structures  containing  line  beams  and  line  columns  as  discussed  in 


Chapter  3-  The  beams  had  finite  torsional  and  flexural  stiffnesses  and  the 
column  stiffnesses  ranged  from  zero  to  infinity.  The  layout  of  these  struc¬ 
tures  was  as  shown  in  Fig.  4.2.  Both  uniform  and  checkerboard  loadings  were 
cons idered . 

(a)  Uniform  Loading 

Results  of  analyses  of  uniformly  loaded  structures  are  given  in 
Figs.  4.5  through  4.13  for  the  complete  range  of  beam  torsional  and  flexural 
stiffnesses  considered  by  Simmonds  and  for  a  wide  range  of  column  stiffnesses. 
The  cases  of  zero  column  stiffness  and  rigid  columns  are  the  only  cases  not 
shown.  The  results  are  given  in  the  form  of  ratios  of  the  deflection  at 
given  points  to  the  maximum  deflection  measured  in  the  structure.  The  de¬ 
flections  obtained  by  Simmonds  are  referred  to  as  the  theoretical  deflections. 
The  point  considered  at  which  the  maximum  deflection  occurred  was  point  No.  6 
in  all  cases  and  the  deflection  at  this  point  was  always  greatest  for  a  value 
of  H  =  El/DL  =  0.25.  In  each  of  the  figures  the  results  obtained  by  Simmonds 
are  shown  by  solid  lines  and  the  results  obtained  using  the  frame  analysis 
are  shown  by  broken  lines. 

In  general  the  agreement  between  the  deflections  found  by  the 
theoretical  and  frame  analysis  methods  is  good.  In  most  cases  the  deflections 
based  on  the  frame  analysis  tend  to  underestimate  the  correct  deflections  by 
a  small  amount.  Many  of  the  curves  based  on  the  frame  analysis  fall  beneath 
the  "exact"  curves  by  a  nearly  constant  value.  This  difference  represents  a 
small  percentage  error  at  lower  values  of  H  but  for  higher  values  of  H  the 
percentage  error  is  large.  However,  for  the  higher  values  of  H  the  beam 
deflections  contribute  a  relatively  small  proportion  of  the  mid-panel  deflec¬ 
tions  and  errors  in  beam  deflections  are  relatively  insignificant. 
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While  the  cases  of  infinitely  stiff  columns  and  columns  offering 
zero  stiffness  are  not  practical,  the  frame  analysis  was  applied  to  several 
examples  of  these  cases.  The  results  obtained  for  the  value  of  sero  column 
stiffness  were  considerably  in  error.  For  this  extreme  case  the  frame  analysis 
is  not  applicable.  For  the  case  of  rigid  columns  the  analysis  is  made  by 
taking  in  E<j.  4.3  as  zero.  Results  obtained  from  the  analyses  of  a  number 
of  structures  having  rigid  columns  showed  good  agreement  between  correct 
deflections  and  those  given  by  the  frame  analysis.  Hence  it  may  be  concluded 
that  the  frame  analysis  method  can  be  used  in  the  analysis  of  structures  for 
deflections  for  any  value  of  column  stiffness  other  than  zero.  Note  that 
good  results  were  obtained  for  a  value  of  K  =  10  as  shown  in  Figs.  4.5,  4.8, 
and  4.11.  For  a  value  of  interior  column  stiffness  ratio  of  K  =  10  the 
corner  column  had  a  value  of  K  =  2  and  the  edge  column  had  a  value  of  K  =  3 
in  the  direction  perpendicular  to  the  edge  beam.  Even  for  these  low  values 
of  K  the  frame  analysis  method  gives  acceptable  agreement. 

(b)  Checkerboard  Loading 

Results  of  analyses  of  structures  having  only  the  interior  panel 
and  the  corner  panels  loaded  are  given  in  Figs.  4.14  and  4.15  for  the  two 
combinations  of  H  and  J  considered  by  Simmonds.  For  the  case  of  H  =  J  =  2.5 
the  deflections  obtained  using  the  frame  analysis  method  compare  favorably 
with  those  obtained  using  the  method  of  finite  differences.  The  greatest 
percentage  difference  occurs  at  the  center  of  an  unloaded  edge  panel  but  here 
the  absolute  deflection  is  small. 

For  H  =  J  =0.25  there  is  a  large  difference  in  the  results  given  by 
the  two  methods  for  seme  points  on  the  structure.  The  largest  percentage 
difference  occurs  at  the  center  of  an  unloaded  edge  panel  but  for  this  case 


also  the  absolute  value  of  this  deflection  is  small. 
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A  comparison  of  the  effects  of  the  uniform  and  checkerboard  loadings 
shows  that  the  deflections  at  the  center  of  the  interior  and  comer  panels  is 
about  the  same  for  each  type  of  loading.  The  maximum  difference  between  the 
two  loading  cases  is  only  1U  percent.  In  view  of  this  the  large  differences 
between  the  frame  analysis  and  theoretical  deflections  for  some  points  that 
were  obtained  for  the  structure  with  flexible  beams  are  not  serious. 


5.  INFLECTIONS  0?  REINFORCED  CONCRETE  STRUCTURES 

5.1  Introductory  Remarks 

This  chapter  contains  a  discussion  of  the  results  obtained  from 
the  application  of  the  frame  analysis  method  to  compute  deflections  for  eight 
reinforced  concrete  test  structures.  Comparisons  of  predicted  and  measured 
deflections  are  given  and  several  factors  affecting  deflections  of  reinforced 
concrete  structures  are  discussed.  The  majority  of  the  structures  considered 
were  the  test  structures  constructed  at  the  University  of  Illinois.  A 
description  of  the  floor  slabs  that  have  been  tested  to  date  at  the  University 
of  Illinois  is  given  in  Section  5.2. 

The  development  of  the  frame  analysis  for  deflections  referred  to 
ideal  structures  that  were  linearly  elastic.  The  application  of  this  method 
to  actual  reinforced  concrete  structures  is  confronted  with  problems  at  two 
different  levels:  problems  related  to  inelasticity  of  reinforced  concrete  and 
problems  related  to  quality  control.  In  a  practical  case,  the  major  problem 
is  the  determination  of  the  permanent  and  transient  loads.  However,  this  can 
be  ignored  in  calculating  deflections  of  test  structures  for  which  the  loads 
are  known  with  reasonable  certainty. 

Problems  related  to  inelasticity  of  reinforced  concrete  involve 
cracking  and:  yielding  in  addition  to  the  inherent  inelasticity  and  time- 
dependence  of  the  stress -strain  relationship  for  plain  concrete. 

The  use  of  poor  mateiials  and  construction  practices  may  have  sig¬ 
nificant  effects  on  the  deflections  of  reinforced  concrete  structures.  Deflec¬ 
tions  of  reinforced  concrete  structures  have  been  observed  to  be  influenced  by 
over-finishing,  which  brings  excess  fines  to  the  upper  surface  of  the  concrete. 
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thereby  weakening  it,  finishing  that  Is  not  true  to  grade,  which  is  usually 
evidenced  by  low  finishing  at  mid-panel  and  high  finishing  around  the  columns, 
misplacement  or  omission  of  tensile  reinforcement,  addition  of  water  to  the 
concrete  to  aid  in  its  placement,  and  overloading  of  uncured  concrete  with 
construction  materials.  In  the  test  structures  described  in  Section  5*2 
these  problems  were  eliminated.  However,  even  with  careful  control  of  both 
the  quality  of  the  construction  materials  and  construction  practices  non¬ 
uniformity  is  unavoidable. 

Comparisons  of  computed  and  measured  deflections  for  the  University 
of  Illinois  test  slabs  are  given  in  Section  5.3.  Included  in  this  section  is 
a  discussion  of  the  effects  of  cracking  and.  yielding  on  deflections  and  of  the 
modulus  of  deformation  of  the  concrete.  The  influence  on  deflections  of 
time -dependent  behavior  of  concrete  is  discussed  in  Section  5 - ^ •  Comparisons 
between  predicted  and  measured  deflections  for  structures  other  than  the 
University  of  Illinois  test  slabs  are  given  in  Section  5.5.  While  the  quality 
of  the  workmanship  attending  the  erection  of  a  structure  may  have  a  large 
effect  on  its  behavior,  the  control  of  the  workmanship  is  a  construction 
problem,  not  one  of  design.  Hence  it  is  not  considered  further  here  other 
than  to  point  out  the  necessity  for  careful  control  and  the  desirability  of 
having  the  designing  engineer  or  his  representative  specify  and  observe  the 
construction  practices  used  in  executing  the  design. 

5.2  Description  of  University  of  Illinois  Test  Structures 

The  experimental  phase  of  the  floor  slab  investigation  has  included 
the  construction,  testing,  and  analyses  of  seven  small-scale  test  structures. 
Brief  descriptions  are  given  below  of  (a)  the  layout  and  reinforcement  of  the 
test  structures,  (b)  the  physical  properties  of  the  concrete  and  reinforcing 
steel  used  in  their  construction,  and  (c)  their  instrumentation  and  the 


testing  programs  to  which  they  were  subjected.  More  extensive  descriptions 
are  given  in  References  10  through  15* 


(a)  Layout  and  Reinforcement  of  University  of  Illinois  Test  Slabs 

The  prototype  structure  for  each  of  the  test  Blabs  contained  nine 
square  panels  arranged  three -by -three  with  a  center-to-center  of  column  spacing 
of  20  feet.  The  first  five  test  structures  were  quarter-scale  models  of  the 
prototypes  and  the  sixth  and  seventh  test  slabs  were  one-sixteenth  scale  models. 
The  type  and  designation  of  these  slabs  is  given  below  in  chronological  order 
of  testing. 


Structure  No. 

Type  of  Structure 

1 

Flat  Plate 

FI 

1/4 

2 

Flat  Slab 

F2 

1/4 

3 

Two-Way  Slab  with 

Deep  Beams 

Tl 

1/4 

4 

Two-Way  Slab  with 

Shallow  Beams 

T2 

i/4 

5 

Flat  Slab  Reinforced  with 
Welded-Wire  Fabric 

F3 

1/4 

6 

Flat  Slab 

F4 

1/16 

7 

Flat  Slab 

F5 

1/16 

All  of  the  test  structures  except  Nos.  1+  and  7  were  designed  according 
to  the  regulations  set  forth  in  the  ACI  Building  Code  (318-56).  Test  structure 
No.  4  was  designed  to  carry  the  full  static  moment  and  to  have  a  strength  and 
behavior  intermediate  between  those  of  the  flat  slab  (F2)  and  the  typical  two- 
way  slab  (Tl).  Test  structure  No.  7  had  the  same  geometry  as  structures  2, 

5  and  6  but  was  reinforced  to  carry  the  full  static  moment  and  had  the  rein¬ 
forcement  distributed  following  the  suggestions  given  by  Hatcher  (13).  Figures 
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5*1,  5*2,  and.  5*3  are  photographs  of  structures  No.  2,  3;  ®nd  7,  respectively, 
shoving  the  loading  and  testing  equipment  in  place. 

Each  of  the  prototype  floor  slats  was  considered  as  being  representa¬ 
tive  of  an  intermediate  story  in  a  building  and  hence  had  columns  extending 
above  and  below  the  floor  level.  Each  of  the  test  slabs  had  columns  extending 
only  below  the  level  of  the  floor.  The  columns  of  each  of  the  test  structures 
were  supported  on  steel  balls.  The  length  of  an  interior  column,  measured 
from  center  of  floor  to  center  of  ball,  was  taken  so  that  the  flexural  stiff¬ 
ness  of  an  interior  column  in  the  model  was  equal  to  that  of  the  corresponding 
column  extending  above  and  below  the  floor  in  the  prototype.  The  far  ends  of 
the  column  in  the  prototype  were  assumed  to  be  fixed  and  computations  for 
stiffnesses  were  based  on  the  moments  of  inertia  of  the  uncracked  sections. 

The  panels  of  slabs  1,  2,  3  and  4  were  reinforced  with  l/8-in. 
square  plain  bars.  A  cover  of  3/l6  in.  was  provided  for  the  top  steel  and 
for  the  bottom  steel  running  in  a  north-south  direction.  The  east-west  bottom 
steel  had  a  cover  of  5/l6  in.  Welded-wire  fabric  was  used  in  slab  No.  5  and 
20  gauge  (0.035  in.  diameter)  wire  was  used  in  slabs  6  and  7.  The  layout  of 
the  five  quarter-scale  slabs  and  the  amounts  and  arrangements  of  the  reinforce¬ 
ment  used  in  structures  1  to  4  are  shown  in  Figs.  5.4  to  5.23.  The  amount 
and  arrangement  of  the  reinforcement  used  in  slab  No.  7  is  shown  in  Figs.  5*24 
through  5.27.  In  making  an  analysis  for  deflections  of  a  reinforced  concrete 
structure,  the  amount  and  placement  of  the  tensile  reinforcement  is  of 
interest  only  in  computing  the  moments  of  inertia  of  the  fully -cracked  sections. 

A  comparison  of  the  amounts  of  tensile  reinforcement  provided  at  the  various 

l 

design  sections  in  slabs  Nos.  2  and  5  is  given  in  Figs.  5*14  and  5.15* 

The  design  loads  for  the  prototype  structures  were  as  follows: 
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Structure  No.  Dead  Load,  psf  Live  Load,  psf  Total  Load,  psf 
1  85  70  155 

2,  5,  6,  7  85  200  285 

3,  4  75  70  145 

The  total  dead  load  on  the  quarter-scale  test  structures,  Including  22  psf 
contributed  by  the  weight  of  the  loading  equipment,  was  44  psf  for  slabs  1, 

2  and  5  and  41  psf  for  slabs  3  and  4.  For  slabs  6  and  7  the  dead  load, 
including  16  psf  for  the  loading  equipment,  was  21  psf. 

(b)  Physical  Properties  of  Materials 

The  physical  properties  of  the  concrete  and  reinforcement  used  in 
the  seven  test  structures  are  given  below.  The  concrete  properties  are  those 
at  the  beginning  and  end  of  testing.  The  modulus  of  deformation  of  the 
concrete,  Ec,  is  the  average  initial  tangent  modulus  measured  in  tests  of  2  by 
4  and  4  by  8-in.  cylinders.  The  yield  points  for  the  high-strength  steel  used 
in  slab  No.  5  varied  with  the  size  of  the  wires  used.  The  range  of  these  yield 
points  is  given  below.  The  moduli  of  rupture  of  the  concrete  are  given  in 
Section  5-3' 


Beginning  of  Testing  End  of  Testing 


SiaD  NO. 

I  ,  KSl 

y 

r,psi 

Ec,ksi 

Age, days 

f;,psi 

E  ,ksi 
c 

Age, days 

1 

36.7 

2510 

2400 

76 

2680 

2800 

140 

2 

42.0 

2760 

3100 

78 

2320 

3100 

168 

3 

42.0 

3020 

3000 

76 

2510 

3000 

185 

4 

47.6 

3660 

3300 

50 

4020 

3300 

92 

5 

61-76* 

3800 

3700 

55 

3820 

3700 

100 

6 

46.0 

— 

-- 

— 

3700 

3700 

156 

7 

47.8 

3140 

3100 

40 

3140 

3100 

40 

*  Based  on  an  offset  strain  of  0.002. 
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(c)  Instrumentation  and  Testing  Program 

Bach  of  the  test  structures  was  constructed  in  place  in  its  testing 
frame.  Each  column  of  a  test  structure  was  supported  on  a  steel  hall.  These 
balls  were  in  turn  supported  on  tripod  reaction  dynamometers  for  the  quarter- 
scale  models  or  on  a  reaction  frame  for  the  one-sixteenth  Beale  models. 

Extreme  care  was  taken  in  the  construction  of  the  test  slabs  to  insure  close 
dimensional  control. 

Loading  was  applied  equally  to  sixteen  points  on  each  panel  by  means 
of  a  load  distribution  system.  These  points  were  symmetrically  spaced  about 
the  center  of  each  panel.  Elastic  studies  have  shown  that  the  moments  and 
deflections  obtained  for  this  type  of  loading  are  nearly  equal  to  those  obtained 
for  a  uniform  loading  covering  the  entire  panel. 

The  loading  system  for  the  quarter-scale  models  was  placed  entirely 
above  the  upper  surface  of  the  slab.  The  equipment  for  one  panel  consisted  of 
16  eight-in.  square  steel  plates  resting  on  rubber  pads.  These  plates  were 
connected  by  four  small  H  frames  and  one  large  H  frame .  Load  was  applied  to 
the  center  of  the  larger  H  frame  by  a  hydraulic  jack  which  reacted  against 
a  frame  extending  above  the  slab.  Applied  load  was  measured  by  means  of  two 
dynamometers ,  one  placed  directly  below  the  Jack  and  the  second  being  formed 
by  the  larger  H  frame.  Pressure  was  supplied  to  the  jacks  by  means  of  a  pump 
and  a  system  of  hoses  and  valves.  Load  could  be  applied  to  all  panels  or  to 
any  desired  pattern  of  panels. 

The  loading  system  for  each  of  the  one-sixteenth  scale  slabs  was 
placed  beneath  the  slab.  Load  was  applied  to  each  of  the  16  two-- in.  square 
plates  on  a  panel  by  means  of  a  rod  which  passed  through  the  slab.  A  small 
hydraulic  Jack,  a  load  dynamometer  and  a  system  of  bars  to  distribute  load 
from  the  jack  to  the  l6  rods  completed  the  load  system  for  a  panel. 
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Deflections  were  measured  at  the  center  of  each  panel  and  at  each 
mid -beam  point  for  a  total  of  33  points  on  each  structure.  The  designation  of 
these  points  is  given  in  Fig.  3*28.  For  the  quarter-scale  slabs  the  deflections 
were  measured  by  means  of  dials  permanently  mounted  beneath  the  slabs.  Deflec¬ 
tions  were  read  for  slab  No.  6  using  a  movable  bridge  on  which  were  mounted 
seven  deflection  dials.  For  slab  No.  7  deflections  were  read  using  1+9  dials 
fixed  in  position  above  the  slab.  For  slabs  6  and  7  the  shortening  of  each 
column  was  recorded  as  well  as  the  deflections  at  the  35  points  described 
above.  The  deflection  dials  used  read  directly  to  0.001  in.  with  the  fourth 
decimal  place  being  estimated. 

Each  of  the  quarter-scale  slabs  was  also  instrumented  for  the  reading 
and  recording  of  strains  at  selected  points  on  the  concrete  and  on  the  tensile 
reinforcement. 

The  testing  program  for  the  quarter-scale  slabs  consisted  of  sub¬ 
jecting  each  structure  to  a  series  of  loadings  of  different  patterns  and  at 
different  load  levels.  The  sequence  of  load  tests  for  a  given  structure  con¬ 
sisted  of  a  test  in  which  all  panels  were  loaded  in  successive  steps  to  a 
desired  level  of  load  and  then  a  series  of  tests  in  which  one  or  more  panels 
were  loaded  in  like  manner  to  the  same  load  level.  At  the  completion  of  a 
sequence  of  tests  a  second  similar  series  was  conducted  but  at  a  higher  load 
level.  Deflections  and  strains  were  recorded  after  the  application  of  each 
load  increment  of  each  test.  As  many  as  1+4  load  tests  were  performed  on  some 
of  the  test  structures.  A  total  of  three  load  tests  were  performed  on  slab 
No.  6  and  slab  No.  7  was  loaded  to  failure  in  one  continuous  test. 

5-3  Comparisons  of  Computed  with  Measured  Deflections 

This  section  con tains  a  discussion  of  (a)  the  deflection  coefficients 


for  the  test  structures  that  were  computed  on  the  bases  of  both  uncracked  and 


3 

3 


fully -era eked,  sections,  (b)  the  cumulative  load-deflectien  ourvea  for  various 
points  on  the  test  structures,  (c)  the  transition  curve  between  uncracked  and 
fully-cracked  deflections,  and  (d)  a  discussion  of  the  modulus  of  deformation 
for  concrete. 

(a)  Computed  Deflection  Coefficients 

Deflection  coefficients  are  given  in  Figs.  5*29  through  5*38  for  the 
seven  test  structures.  Figures  5*29,  5-31,  5-35  and  5.37  give  coefficients 
which  were  determined  using  the  frame  analysis  assuming  all  sections  to  be 
uncracked.  The  remaining  figures  give  deflection  coefficients  that  were 
computed  assuming  all  sections  to  be  fully  cracked.  The  coefficients  for  un¬ 
cracked  sections  given  in  Fig.  5-31  for  the  slab  (F2)  are  also  applicable  to 
the  other  flat  slabs  (F3,  F4,  and  F5)  since  the  geometrical  relationships  for 
the  uncracked  flat  slabs  were  all  the  same. 

Although  the  frame  analysis  method  is  an  approximate  procedure  the 
deflection  coefficients  are  given  to  five  significant  places  after  the  decimal 
point  in  each  of  Figs.  5*29  -  5>38  in  order  to  show  the  effects  of  beam  torsional 
rigidity  on  deflections.  In  Fig.  5*31  the  deflection  coefficient  for  point  Ag 
on  the  flat  slab  is  shown  to  be  slightly  greater  than  that  for  point  Cg.  The 
torsional  rigidity  of  a  deep  beam  in  the  flat  slab  was  about  one  and  one-half 
times  that  of  a  shallow  beam.  For  the  flat  plate  the  torsional  rigidities  of 
the  deep  and  shallow  beams  (considering  T-beam  action)  were  about  the  same  and 
were  taken  as  equal  in  computing  the  deflection  coefficients . 

In  addition  to  deflection  coefficients,  deflections  for  a  load  of 
100  psf  are  given  in  each  figure.  In  computing  these  deflections  Poisson's 
ratio  was  taken  as  zero  and  the  initial  tangent  modulus  of  elasticity  of  the 
concrete  at  the  beginning  of  testing  was  used. 
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The  deflection  coefficients  given  for  the  fully-cracked  sections  were 
computed  using  the  coefficients  for  uncracked  sections.  For  a  point  at  the 
center  of  a  beam  the  coefficient  for  fully-cracked  sections  vas  obtained  by 
multiplying  the  coefficient  for  uncracked  sections  by  the  ratio  of  the  moment 
of  inertia  for  the  uncracked  section  to  that  of  the  cracked  section.  The 
moment  of  inertia  for  the  cracked  section  vas  taken  as  the  average  of  the  sum 
of  (a)  the  moment  of  inertia  for  the  positive  mid-beam  section,  and  (b)  the 
average  of  the  two  negative  end-of-beam  sect 'one.  The  mid -panel  deflections 

were  computed  using  the  same  procedure  as  for  the  uncracked  structure  except 

4/ 

that  the  term  0.00153  qL  /D,  which  results  from  the  use  of  the  S-method  for  a 
square  panel  (see  Section  4.2),  was  multiplied  by  the  ratio  of  the  average  of 
the  negative  and  positive  moments  of  inertia  for  the  panel  to  the  uncracked 
moment  of  inertia.  The  rotation  for  each  column  was  determined  by  multiplying 
the  rotation  computed  assuming  the  column  to  be  uncracked  by  the  ratio  of 
uncracked  to  cracked  moments  of  inertia.  The  alternative  to  using  the  pro¬ 
cedure  outlined  above  for  predicting  deflections  for  cracked  sections  would 
be  to  perform  a  second  frame  analysis  using  the  mcmentsof  inertia  for  cracked 

sections.  Note  that  all  of  the  deflection  coefficients  given  for  fully 

4 1 

cracked  sections  are  given  in  terms  of  qL  /D  where  D  is  for  the  uncracked 
section.  The  moments  of  inertia  for  the  cracked  sections  were  computed  using 
conventional  straight-line  methods. 

Deflections  in  inches  for  a  load  of  100  psf  for  the  fully-cracked 
structures  are  given  for  slabs  Nos.  1,  2,  3>  4,  5  and  7  in  Figs.  5*30/  5*32  - 
504,  5.36  and  5*38*  The  deflection  coefficients  given  in  Fig.  5-33  for  slab 
No.  5  (F3)  for  the  mid -beam  points  were  taken  as  being  the  same  as  those 
computed  for  slab  No.  2  (F2)  since  the  percentages  of  reinforcement  provided 
in  these  two  structures  were  nearly  the  same.  The  coefficients  for  fully- 
cracked  sections  given  in  Fig.  5 >32  are  also  applicable  to  slab  No.  6  (F4) 
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slnce  this  structure  contained  the  same  percentages  ef  slab  reinforcement  as 
did  F2.  Test  structure  No.  7  (F5)  contained  greater  percentages  of  reinforce¬ 
ment  than  any  of  the  other  flat  slabs  and  hence  had  a  somewhat  greater 
rigidity  when  fully  cracked  than  did  the  other  flat  slabs.  The  deflection 
coefficients  for  this  slab  assuming  fully  cracked  sections  are  given  in 
Pig.  5*34. 

An  Illustrative  Example,  containing  a  step-by-step  description  of 
the  computation  of  the  deflection  coefficients  for  the  two-way  slab  with 
shallow  beams  (T2),  is  given  in  Appendix  C. 

(b)  Cumulative  Load-Deflection  Curves 

Cumulative  load-deflection  curves  for  the  seven  test  structures  are 
given  in  Pigs.  5*39  -  5-100.  The  figure  numbers  for  the  load-deflection  curves 
for  each  test  structure  are  as  follows: 

Structure  Number 

1  (FI) 

2  (F2) 

5  (F3) 

6  (F4) 

7  (F5) 

3  (Tl) 

4  (T2) 

The  load-deflection  curves  for  structures  1  through  5  include  the  effects  of 
the  dead  load  of  the  slab  and  loading  system.  For  slabs  6  and  7  deflections 
are  given  for  applied  load  only  as  those  for  dead  load  were  very  small.  The 
deflections  given  for  slabs  6  and  7  are  four  times  those  actually  measured. 

This  is  done  in  order  to  allow  direct  comparisons  to  be  made  among  the  curves 
for  the  flat  slabs.  The  effects  of  column  shortening  were  included  in  con¬ 
structing  the  curves  for  slab  No.  6.  However,  these  effects  were  very  small. 


Figure  Numbers 

5-39  -  5-53 
5-5^  -  5-67 
5-68  -  5-77 
5.78  -  5-81 
5.82  -  5-86 
5-87  -  5-93 
5.94  -  5-100 
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The  cumulative  load-deflection  curve  for  a  particular  point  on  a 
given  structure  was  prepared  using  the  data  recorded  during  a  number  of  dif¬ 
ferent  load  tests.  The  tests  considered  were  those  in  which  all  panels  were 
loaded  to  the  same  level  of  applied  load.  Where  space  permits  the  load- 
deflection  curves  for  the  separate  tests  in  which  all  panels  were  loaded  are 
shown  by  broken  curves.  The  difference  in  deflection  shown  between  the  end 
of  one  broken  curve  and  the  beginning  of  the  next  broken  curve  for  a  given 
point  represents  the  increase  in  residual  deflection  accrued  at  that  point 
during  the  intervening  tests. 

The  curves  given  for  test  structure  No.  6  (F4)  were  obtained  from 
the  data  recorded  in  the  third  of  the  three  load  tests  performed  on  this 
structure.  In  the  second  test  a  maximum  applied  load  of  220  psf  was  reached 
which  probably  caused  some  cracking  although  none  could  be  detected  by  visual 
inspection.  At  this  point  one  of  the  loading  wires  extending  through  the  slab 
failed  and  it  was  necessary  to  discontinue  testing.  Since  the  residual  deflec¬ 
tions  accrued  in  the  second  test  were  not  included  in  constructing  Figs.  5*78  - 
5.81  the  initial  portion  of  these  curves  are  rebound  or  reloading  curves. 

The  single  panel  and  pattern  loadings  that  were  applied  to  the  struc¬ 
tures  caused  maximum  moments  at  various  sections  and  hence  caused  additional 
cracking  and  loss  of  stiffness  beyond  that  which  occurred  during  the  tests  with 
all  panels  loaded.  This  loss  in  stiffness  caused  by  the  partial  loadings  is 
shown  by  the  decrease  in  slopes  of  the  broken  curves  for  successively  higher 
loading  tests.  It  may  be  expected  that  similar  structures  loaded  continuously 
in  one  test  from  no  applied  load  to  failure  would  exhibit  somewhat  smaller 
deflections  for  loads  intermediate  between  the  cracking  load  and  the  failure 
load  than  were  measured  for  the  quarter-scale  test  slabs. 


Two  straight  lines ,  one  marked  "uncracked"  and  the  other  marked 
"cracked,"  are  plotted  on  each  of  the  cumulative  load-deflection  curves.  These 
lines  represent  the  computed  deflections  based  on  uncracked  and  fully-cracked 
sections,  respectively. 

The  load-deflection  curves  for  the  flat  plate  (Fl)  all  terminate  at 
a  load  of  30 6  psf  although  the  maximum  load  carried  by  this  structure  was 
360  psf.  The  deflections  given  for  the  load  of  306  psf  were  the  last  deflec¬ 
tions  measured  before  the  slab  failed.  Failure  was  characterized  by  the 
punching  through  of  column  No.  7*  A  broken  line  is  used  on  each  of  the  curves 
for  the  flat  plate  to  connect  the  deflection  measured  at  306  psf  with  that 
measured  after  failure. 

The  load-deflection  curves  for  slab  No.  5  (F3)  all  terminate  at  a 
load  of  587  psf.  The  interior  tripod  reaction  dynamometers  buckled  at  a  load 
somewhat  higher  than  this  and  it  was  necessary  to  replace  them  by  steel  blocks 
in  order  to  continue  loading  the  structure  to  failure. 

In  general,  the  agreement  between  the  initial  portion  of  each  of  the 
measured  load-deflection  curves  and  the  straight  line  computed  on  the  basis  of 
uncracked  sections  is  good.  The  poorest  agreement  is  for  the  deep  edge  beams 
in  the  flat  plate  and  flat  slabs  and  for  the  beams  in  the  two-way  slab  with 
deep  beams  (Tl).  However,  the  magnitude  of  the  deflections  of  the  deep  beams 
was  small.  Hence  the  large  percentage  errors  between  computed  and  measured 
deflections  for  these  sections  is  relatively  insignificant  in  so  far  as  both 
beam  and  mid-panel  deflections  are  concerned. 

(c)  Transition  Curve  Between  Cracking  and  Yielding 

Consider  a  typical  load-deflection  curve  for  a  point  on  a  continuous 
slab.  After  an  initial  straight-line  portion  the  slope  of  the  curve  begins  to 
decrease  steadily  with  increase  in  load.  This  reduction  in  slope  is  caused  by 
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the  losses  in  stiffness  accompanying  cracking  of  the  concrete  and  the  reduc¬ 
tion  of  the  "modulus  of  deformation"  which  also  occurs  concomitantly  with 
increased  loading.  The  shape  of  the  curved  portion  of  the  load-deflection 
cannot  he  defined  with  exactitude. 

The  effect  of  cracking  of  the  concrete  is  more  noticeable  in  an 
isolated  beam  than  in  a  continuous  structure.  Cracks  occurring  in  an  isolated 
beam  tend  to  form  completely  across  the  width  of  the  beam.  Hence  there  is  a 
large  decrease  in  stiffness  and  an  accompanying  large  increase  in  curvature  at 
each  crack.  A  load-deflection  curve  constructed  for  such  a  beam  would  show  a 
sudden  decrease  in  slope  at  the  point  of  first  cracking. 

The  effect  of  first  cracking  in  a  slab  is  to  cause  some  slight 
redistribution  in  moments  and  a  negligible  decrease  in  stiffness.  Consequently 
it  is  difficult  to  detect  any  change  in  shape  of  the  load-deflection  curve  for 
a  slab  corresponding  to  the  point  of  first  cracking.  In  most  of  the  test 
structures  first  cracking  could  be  determined  only  by  a  decrease  in  slope  of 
load-steel  strain  curves  with  first  visual  observation  of  cracks  being  made  at 
much  higher  loads. 

Since  the  point  at  which  the  load-deflection  curve  for  a  slab 
begins  to  exhibit  noticeable  deviation  from  a  straight  line  is  difficult  to 
determine,  the  following  approximate  method  for  defining  this  point  is 
suggested. 

In  using  the  frame  analysis  it  is  necessary  to  determine  the  end- 
moments  for  each  of  the  "ersatz  beams"  included  in  the  "ersatz  frame."  Having 
the  end-moments,  the  mid -beam  moments  may  be  determined  using  the  formulae 
given  in  Table  18.  By  setting  the  mid-beam  moment  equal  to  the  cracking  moment 
the  load  corresponding  to  cracking  at  mid-beam  may  be  computed.  The  cracking 
moment  at  mid-beam  may  be  determined  from  the  relationship 


f 
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0 

0 

0 


Mcr  ■=  fra  (5.1) 

where  ff  ■  the  modulus  of  rupture  of  the  concrete,  and 
Z  =  the  section  modulus  of  the  ersatz  beam. 

The  cracking  loads  computed  for  the  test  structures  are  indicated  on 
each  of  the  cumulative  load-deflection  curves.  The  cracking  load  given  for  a 
point  at  the  center  of  an  interior  panel  was  taken  as  equal  to  the  cracking 
load  computed  for  one  of  the  four  adjacent  mid-beam  points.  This  is  in  keeping 
with  the  concept  that  when  the  boundaries  of  a  plate  are  deflected  the  center 
of  the  plate  tends  to  deflect  by  the  same  amount.  Hence  when  cracking  begins 
to  affect  the  slope  of  the  load-deflection  curve  for  a  mid-beam  point  it  may 
be  expected  that  the  slope  of  the  mid-panel  curves  for  adjacent  panels  will 
also  be  affected. 

For  an  edge  panel  the  cracking  load  at  mid-panel  was  taken  as  equal 
to  that  of  one  of  the  ersatz  beams  perpendicular  to  the  discontinuous  edge. 

For  a  corner  panel  the  average  of  the  cracking  loads  for  an  edge  and  interior 
beam  were  used.  The  deflection  corresponding  to  the  cracking  load  is  referred 
to  as  the  cracking  deflection  in  subsequent  discussion. 

In  computing  the  cracking  moments  the  moduli  of  rupture  of  the 
concrete  that  were  used  were  those  assumed  in  the  anlayses  of  the  test  struc¬ 
ture  for  moments.  Tests  by  Mila  (37)  have  shown  that  the  effective  modulus  of 
rupture  of  concrete  in  a  structure  is  less  than  that  for  plain  specimens  cast 
from  the  same  batches  of  concrete.  This  reduction  is  caused  by  stresses 
arising  from  the  resistance  to  shrinkage  of  the  concrete  furnished  by  the  presence 
of  the  reinforcing  steel. 

The  moduli  of  rupture  used  in  analyzing  the  quarter-scale  test  struc¬ 
tures  for  moments  and  the  average  moduli  in  psi  measured  for  unreinforced  beams 
that  were  cast  at  the  same  times  as  the  test  structures  are  listed  below. 


Slab  No. 

r 

c 

fr,  plain 

fr,  plain 

f  ,  effective 
r 

1 

2510 

700 

2680 

620 

310 

2 

2760 

600 

2320 

— 

360 

5 

3020 

590 

2510 

- — 

350,  beams 
400,  slab 

3660 

— 

4020 

940 

500,  beams 
550,  slab 

5 

38OO 

750 

3820 

800 

600 

Two  different  values  for  the  effective  modulus  of  rupture  were  used  fcr.  the  two-way 
slabs  since  the  beams  in  these  structures  contained  higher  percentages  of  re¬ 
inforcement  than  the  slabs,  thereby  causing  a  greater  reduction  in  the  effective 
modulus . 

The  point  at  which  the  cumulative  load-deflection  curve  crosses  the 
line  marked  "cracked"  on  the  curves  occurs  in  the  vicinity  of  the  yield  load. 

The  yield  load  is  defined  as  the  load  level  at  which  sufficient  yield  lines 
form  in  the  structure  to  allow  unrestrained  deflection  to  take  place. 

When  a  structure  fails  by  general  yielding  of  the  reinforcement  one 
of  two  patterns  of  yield  lines  may  form.  If  the  supporting  beams  are  suf¬ 
ficiently  strong  each  panel  may  fail  separately.  If  no  beams  are  present  or 
if  the  supporting  beams  have  relatively  low  strength  then  the  pattern  of  yield 
lines  will  extend  through  the  beams  and  the  structure  as  a  whole  will  partici¬ 
pate  in  the  failure.  The  computed  and  measured  yield  loads  in  psf  for  the  test 
structures  were  as  shown  on  the  following  page. 

The  yield  loads  indicated  on  the  cumulative  load-deflection  curves 
for  the  flat  plate  and  the  flat  slabs  are  those  computed  for  the  structural 
failure  mechanism  in  which  a  positive  yield  line  extended  through  each  edge 
panel  and  into  the  comer  panels.  For  each  of  these  structures  the  capacity 
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Slab  No.  Computed  Yield  Load  and  Pattern  Measured  Yield  Load 

l(Fl)  270  Interior  panel  only* 

320  Edge  and  comer  panels  3^0 

£ 

2(F2)  460  Interior  panel  only 

565  Edge  and  comer  panels  550 

3(Tl)  395  Interior  panel 

435  Edge  panel 
440  Comer  panel 
530  End  row  of  panels 


610  Interior  row  of  panels  537 

4(T2)  390  End  row  of  panels 

405  Interior  row  of  panels  466 

5(F3)  1010  Edge  and  corner  panels  952 

6(F4-)  650  Edge  and  corner  panels  620 

• 

7(F5  )  800  Edge  and  comer  panels  710 


*  Computed  assuming  the  interior  panel  to  be  one  of  an  infinite  array 
-  of  similar  panels. 

of  the  interior  panel  was  less  than  that  of  the  structure  as  a  whole.  However, 
since  each  structure  could  continue  to  carry  additional  load  after  the  interior 
panel  yielded,  the  structural  capacity  is  indicated  on  the  curves.  For  the 
two-way  slabs  the  yield  load  indicated  on  a  curve  for  a  particular  point  is 
the  one  corresponding  to  the  failure  mechanism  which  would  include  the  point. 

The  deflection  corresponding  to  the  yield  load  is  referred  to  as  the  yield 
deflection  below. 

The  portion  of  a  load-deflection  curve  lying  between  cracking  and 
yield  deflections  is  termed  the  transition  curve.  The  measured  transition 
curve  appears  to  be  approximately  parabolic  in  shape.  A  graphical  method  of 
predicting  the  shape  of  the  transition  curve,  assuming  it  to  be  a  parabola,  is 
given  in  Fig.  5. 101.  The  shape  of  the  predicted  transition  curves  are  indicated 
by  a  number  of  small  circles  in  each  of  Figs.  5*39;  5*42,  5 •  ^5 j  5*48,  5-51*-; 

5.56,  5-68,  5.87,  5-9^  5-95,  5.96  and  5-99- 
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For  design  purposes  It  is  suggested  that  the  deflections  computed 
on  the  basis  of  uncracked  sections  be  used  if  the  design  load  is  not  more  than 
twice  the  cracking  load  for  the  point  under  consideration.  Where  the  design 
load  is  greater  than  twice  the  cracking  load  a  linear  transition  curve  between 
the  yield  deflection  and  a  point  corresponding  to  twice  the  cracking  load 
appears  to  give  reasonably  close  comparisons  between  measured  and  computed 
deflections.  This  curve  is  shown  by  a  broken  line  in  several  load-deflection 
curves. 

Considering  the  number  of  variables  that  affect  deflections  of 
reinforced  concrete  structures  the  agreement  between  the  measured  and  predicted 
transition  curves  cannot  be  expected  to  be  more  than  approximately  close.  Fbr 
most  of  the  figures  in  which  a  comparison  is  given  the  agreement  is  reasonable. 
The  poorest  agreement  occurs  for  slab  No.  2  (F2).  The  edge  and  comer  columns 
of  this  structure  were  lightly  reinforced.  Hence  the  columns  allowed  a  large 
amount  of  rotation  to  take  place  thus  increasing  the  slab  deflections.  It 
was  necessary  to  provide  external  reinforcing  on  these  columns  in  order  to 
load  the  structure  to  its  yield  load  capacity.  More  column  reinforcement  was 
provided  in  slabs  No.  5,  6,  and  7  and  better  agreement  is  shown  for  these 
slabs. 

(d)  Modulus  of  Elasticity  of  Concrete 

The  use  of  the  term  "modulus  of  elasticity"  is  not  strictly 
applicable  in  discussing  the  properties  of  concrete.  By  definition  a  modulus 
of  elasticity  is  the  constant  of  proportionality  between  stress  and  strain. 

For  some  materials,  such  as  steel,  the  modulus  is  well  defined  in  the  early 
stages  of  stressing  and  may  be  assumed  to  be  constant.  Concrete,  however, 
exhibits  a  nonlinear  stress -strain  relationship  from  first  loading  to  failure. 
This  is  shown  by  the  multiplicity  of  definitions  of  the  so-called  "modulus  of 
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elasticity"  for  concrete,  which  include  tangent  and  secant  definitions  at 
arbitrarily  chosen  stresses.  The  modulus  of  elasticity  might  better  be 
termed  the  "modulus  of  deformation." 

The  modulus  of  deformation  obtained  for  a  particular  test  cylinder 
is  affected  by  the  duration  of  the  test.  If  the  specimen  is  tested  to  failure 
in  a  very  short  time  a  substantially  higher  modulus  is  obtained  than  if  the 
specimen  is  tested  at  the  standard  rate  (38).  Also  if  the  duration  of  the 
test  is  very  long  an  appreciably  lower  modulus  is  obtained.  In  addition  to 
speed  of  testing  the  type  of  aggregate  and  mix  proportions  have  large  effects 
on  the  modulus  obtained  (39).  For  instance,  lightweight  concrete  may  develop 
strengths  comparable  to  those  of  normal -weight  concretes  but  usually  exhibit 
considerably  lower  moduli  of  deformation.  It  is  apparent  that  the  modulus 
of  deformation  is  an  index  value  which  may  be  assumed  to  represent  the 
behavior  of  the  concrete  in  a  structure  in  an  approximate  manner. 

Various  expressions  have  been  assumed  to  define  the  modulus  of 
elasticity  for  concrete.  The  simplest  is  the  secant  definition 

E  =  1000  f'  (5.2) 

c  c  '  ' 

where  Ec  -  modulus  of  elasticity  in  psi,and 

f^  =  concrete  compressive  strength  in  psi  determined  from  a  test  of  a 

6-in.  by  12-in.  cylinder.  This  equation  was  first  included  in  the  1928  edition 

of  the  ACI  Building  Code  (ijO)  and  continued  in  use  through  the  1956  edition  (l). 

Since  this  expression  tends  to  overestimate  the  modulus  for  high  concrete 

strengths  various  investigators  have  proposed  formulae  that  give  better  fits 

to  experimental  data.  Among  these  are  the  formula  proposed  by  Jensen  (hi) 


30,000,000 

=  3-0  <000 

?  +  — St — 


c 


c 


(5-3) 
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and  lyse  (42) 


E  =  1,800,000  +  460  f ' 
c  c 


(5.4) 


for  normal -weight  concretes .  In  an  effort  to  present  one  formula  applicable 
to  all  weights  of  concrete  Pauw  (43)  suggested  the  formula 

Ec  =  33w1,5«/F  (5-5) 


where  w  is  the  wei^it  of  the  concrete  in  pounds  per  cubic  foot. 

The  value  of  the  modulus  reported  in  Section  5*2(b)  for  a  given 
test  structure  is  an  average  value  which  was  determined  from  tests  of  a  number 
of  cylinders  cast  at  the  same  time  as  the  test  slab.  The  initial  portion  of 
the  stress-strain  curve  drawn  for  each  cylinder  was  nearly  linear  and  the 
modulus  reported  is  the  average  slope  of  these  initial  portions  -  hence  the 
designation  "initial  tangent  modulus."  Although  the  mixing  and  casting  of 
the  concrete  for  each  test  structure  was  carefully  controlled  and  the  testing 
of  the  cylinders  was  performed  in  a  standard  manner  there  was  still  an 
appreciable  amount  of  scatter  in  the  values  of  the  moduli  determined  for  a 
particular  slab.  A  comparison  of  the  moduli  computed  using  Eqs .  5.2  -  5.5  is 
given  below  in  the  form  of  ratios  of  computed  values  to  the  initial  values  at 
the  beginning  of  testing.  Equation  5.3  was  modified  by  replacing  the  factor  5 
by  a  6. 


Slab  No. 

iooor 

c 

Jensen 

lyse 

Pauw 

1 

1.05 

1.26 

1.23 

1.26 

2 

0.89 

1.01 

0.98 

1.15 

3 

1.01 

1.07 

1.06 

1.10 

4 

1.11 

1.04 

1.05 

1.11 

5 

1.03 

0.94 

O.96 

1.01 

6 

1.00 

0-93 

0.95 

0.99 

7 

1.01 

1.05 

1.04 

1.09 
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Tor  the  sms  11  aggregate  mixes  used  in  the  test  structures  the  relationship 

*  1000  f  gives  the  best  fit  with  measured  data, 
c  c 

For  normal-weight  concretes  the  modified  form  of  Eq.  5-3  is  adequate 
in  the  absence  of  measured  data .  For  lightweight  concretes  the  data  reported 
by  various  investigators  shows  considerable  scatter  and  it  is  recommended 
that  a  design  value  of  Ec  for  a  concrete  of  this  type  should  be  determined  by 
tests  for  specific  cases. 

5 A  Time -Dependent  Deflections 

The  deflection  of  a  point  on  a  reinforced  concrete  structure  is  the 
sum  of  the  instantaneous  deflection  that  occurs  upon  the  first  application 
of  load  and  the  time -dependent  deflection  resulting  from  the  effects  of  creep 
and  shrinkage.  The  deflection  caused  by  shrinkage  is  assumed  to  be  independent 
of  the  loading  while  creep  deflection  is  largely  a  function  of  the  amount  and 
history  of  the  loading  Knowledge  on  creep  and  shrinkage  deformations  of 
concrete  under  actual  working  conditions  is  limited.  However,  the  determina¬ 
tion  of  the  portion  of  the  total  load  that  may  be  considered  as  permanent  is 
perhaps  the  most  critical  unknown  factor  in  computing  long-time  deflections. 

So  far  in  this  study,  only  instantaneous  deflections  have  been  considered. 
However,  in  design  it  is  the  total  deflection  that  is  of  interest  and  the 
larger  portion  of  the  total  deflection  may  result  from  the  time-dependent 
effects . 

The  time-dependence  of  deformations  of  reinforced  concrete  construc¬ 
tion  has  been  the  subject  of  numerous  investigations.  Several  controlled 
studies  have  been  made  of  isolated  structural  elements,  3uch  as  flexural  and 
axially  loaded  members,  and  procedures  have  been  developed  that  allow  the  pre¬ 
diction  of  the  long-time  deformations  of  such  elements  to  be  made  with  some 
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accuracy.  However,  time -dependent  deflections  of  floor  slabs  have  received 
little  organized  attention.  Three  cases  of  long-time  tests  of  continuous 
structures  have  been  reported.  These  are  described  briefly  below  although 
neither  of  the  first  two  structures  Is  representative  of  current  design 
practice. 

In  1917  «  single  panel  of  the  Schwinn  Building  was  loaded  to  tvlce 
the  design  load  and  this  load  was  maintained  for  over  one  year  (44) .  The 
Schwinn  Building  was  a  multistory  flat  slab  structure  three  bays  wide  by 
several  bays  long.  The  reinforcement  in  each  panel  was  placed  in  four  layers, 
two  top  and  two  bottom,  with  one  of  each  of  the  top  and  bottom  layers  oriented 
parallel  to  the  column  centerlines  and  the  remaining  layers  at  45  degree 
angles  to  the  column  centerlines .  Each  layer  was  continuous  over  the  width 
of  the  panel.  The  loaded  panel  was  an  edge  panel  located  in  an  intermediate 
story.  The  test  panel  measured  27  by  25  feet  and  was  ten  in.  thick.  The 
mid-panel  deflection  at  first  loading  was  about  4  3/4  In.  This  deflection 
Increased  to  about  8  l/4  In.  after  379  days,  an  Increase  of  about  175  percent. 

In  1919  a  single  story  two-way  test  structure  was  constructed  by 
the  U.S.  Bureau  of  Standards  at  Waynesville,  Ohio  (45).  This  structure  con¬ 
tained  18  panels  arranged  three  by  six,  and  was  constructed  of  reinforced 
concrete  with  hollow  tile  fillers.  A  number  of  load  tests  were  performed  with 
same  of  the  loads  remaining  in  place  for  several  weeks.  The  deflections  showed 
seme  tendency  to  increase  with  time.  When  the  loads  were  removed  most  of  the 
deflection  was  recovered. 

In  1959  *  flat  plate  test  structure  was  constructed  and  tested  in 
Melbourne,  Australia  (46).  This  structure  contained  nine  panels  arranged 
three-by -three.  Each  panel  was  9  by  12  ft.  by  3  1/2  in.  thick.  In  addition 
there  was  a  6-ft.  cantilever  extension  at  both  of  the  narrower  ends  of  the 
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structure  so  that  the  over-all  dimensions  of  the  slab  were  28  ft.  5  l/2  in. 

by  48  ft.  However,  48  days  after  the  formwork  had  been  removed  an  l8-in. 

wide  strip  of  the  cantilever  was  cut  off  at  both  ends  of  the  slab.  The  slab 

was  supported  on  slender  steel  columns  and  contained  no  spandrel  beams.  The 

slab  was  constructed  under  field  conditions  and  no  special  care  was  taken  to 

insure  proper  compaction  of  the  concrete.  Hence  the  completed  slab  contained 
# 

considerable  voids.  A  lightweight -aggregate  concrete  was  used  which  weighed 
114  pcf .  The  average  28-day  compressive  strength  was  2500  psf  and  the  28-day 
modulus  of  rupture  of  plain  specimens  was  about  290  psi.  The  sonic  modulus 
of  elasticity  of  the  concrete  showed  considerable  variation.  An  average 
value  was  about  1,500,000  psi. 

Deflections  were  measured  at  numerous  points  using  an  engineers 
level.  Deflections  were  recorded  at  the  time  the  formwork  was  removed,  which 
was  ten  days  after  casting,  and  at  various  times  during  the  following  200 
days.  During  this  time  only  the  51  psf  dead  load  was  acting.  Difficulties 
were  encountered  in  measuring  deflections  since  sane  columns  rose  and  others 
settled.  At  the  time  the  formwork  was  removed  the  deflection  at  the  center 
of  the  interior  panel,  corrected  for  apparent  column  settlement,  was  about 
0.05  in.  This  deflection  increased  to  about  0.44  in.  at  an  age  of  50  days 
and  continued  increasing  more  slowly  to  a  total  of  about  O.59  in.  at  200  days. 

The  deflection  of  the  interior  panel  was  computed  using  a  coefficient 
obtained  by  interpolating  between  values  given  in  Table  10.  For  S/L  =  0.75* 
c/L  =  0.06,  and  H  =  0  the  coefficient  was  found  to  be  0.0052  qlA/D"  For  a 

*  It  is  stated  in  Reference  4 6  that  "After  the  formwork  was  stripped  a  visual 
.  assessment  was  made  of  the  quality  of  the  concrete  in  each  bay,  judging  by 
the  compactness  of  the  surface.  Although  one  bay  was  estimated  to  be 
defective  through  incomplete  compaction  over  50  percent  of  its  area,  the 
average  for  the  whole  slab  was  15  percent." 
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modulus  of  1,500,000  psi  the  deflection  was  computed  as  0.06  in.  based  cm 
uncracked  sections.  There  was  a  considerable  increase  with  tine  in  the  amount 
of  cracking  that  was  visible  on  both  the  top  and  bottom  surfaces  of  the  slab. 
This  cracking  was  attributed  to  shrinkage,  thermal  stresses,  and  stresses 
caused  by  differential  settlements.  For  a  slab  as  lightly  reinforced  as  this 
one  was,  the  moment  of  inertia  for  cracked  sections  is  about  one-fifth  to 
one -fourth  as  large  as  the  moment  of  inertia  for  uncracked  sections.  Assuming 
the  slab  to  be  fully  cracked  and  taking  the  long-time  deflection  aa  twice 
that  of  the  initial  deflection  computed  on  the  basis  of  cracked  sections 
gives  a  computed  long-time  deflection  of  0.5  in.  This  compares  favorably  with 
the  observed  deflection  of  0.59  in.  Note  that  the  structure  was  subjected 
to  carrying  its  own  weight  while  the  concrete  was  still  uncured.  It  is  probable 
that  if  the  formwork  had  been  allowed  to  remain  in  place  for  an  additional  two 
or  three  weeks  that  the  total  deflections  would  have  been  less. 

Since  there  is  a  paucity  of  data  concerning  time-dependent  behavior 
of  continuous  structures  it  is  necessary  to  consider  the  behavior  of  isolated 
flexural  members  in  order  to  arrive  at  an  intelligible  method  of  predicting 
long-time  deflections  of  slabs.  Accordingly,  a  discussion  anent  the  effects 
of  (a)  creep  and  (b)  shrinkage  on  deformations  of  beams  is  given  below  and 
(c)  an  analytical  interpretation  of  the  time -dependent  behavior  of  beams  is 
extended  to  slabs. 

(a)  Effects  of  Creep  on  Beam  Deflection 

The  effect  of  creep  on  beam  deflections  is  influenced  by  the  amount 
of  cracking  that  has  taken  place  and  whether  ccmpressive  reinforcement  is 
present.  Consider  first  the  case  of  a  fully-cracked  section  and  assume  that 
no  ccmpressive  reinforcement  is  present.  For  this  case  the  instantaneous 
curvature  corresponding  to  the  linear  distribution  of  strains  shown  in 
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Fig.  5.102(a)  is 


(5.6) 


Assuming  that  the  steel  strain  computed  on  the  basis  of  a  fully  cracked 
section  does  not  change  then  the  relationship  between  instantaneous  curvature 
and  curvature  after  creep  is 


fc 


(5-7) 


where  =  initial  strain  at  first  loading, 

e  =  increase  in  strain  due  to  creep, 
c 

cp^  =  instantaneous  curvature, 

9c  =  increase  in  curvature  due  to  creep,  and 

kd  =  depth  from  compression  face  to  neutral  surface. 

This  is  an  over-simplified  explanation  of  the  effects  of  creep  since  in  a  real 
beam  the  steel  stress  will  increase  somewhat  with  time,  thus  affecting  the 
distribution  of  concrete  stress,  but  it  does  suffice  to  show  that  the  increase 
in  deflection  due  to  creep  is  not  as  great  as  the  increase  in  strains.  Based 
on  test  data  it  has  been  determined  (47)  that  the  ratio  ec/ei  in  Eq.  5.7  may 
be  replaced  by  a  factor  m  such  that 

m  =  5  -  (5.8a) 

2t 

for  rectangular  section  or  T-beam  sections  with  kd  <  -j-  ,  and  for  T-beam 
2t 

sections  with  kd  >  -y 

m  =  5(2  -  *£•)  (5.8b) 


where  p  and  p'  =  ratios  of  cross-sectional  areas  of  compressive  and  tensile 
steel,  respectively,  to  bd, 

b  =  width  of  rectangular  beam  or  width  of  compressive  portion 
of  T-beam, 
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d  -  effective  depth  of  "beam,  and 
t  =  thickness  of  flange  of  T-beam. 

The  factor  m  in  Eq.  5.8  is  a  function  of  the  concrete  properties  and  variation 
in  concrete  stress. 

As  shown  by  the  presence  of  the  factor  p'  in  Eq.  5*8  the  use  of 
compressive  reinforcement  tends  to  decrease  the  deflections  due  to  creep.  As 
the  concrete  in  the  compressive  region  of  a  beam  creeps  the  compressive  steel, 
becoming  effectively  more  rigid,  is  forced  to  carry  more  of  the  compressive 
force  which  in  turn  acts  to  decrease  the  load  causing  the  concrete  to  creep. 

Consider  next  the  case  of  an  uncracked  section.  The  strain  dis¬ 
tributions  across  the  cross  section  before  and  after  creep  for  this  case  would 
be  about  as  shown  in  Fig.  5 • 102(b).  Almost  no  data  have  been  collected  for 
this  case  and  consequently  no  simple  relationship  between  initial  and  creep 
curvature,  such  as  Eq.  5.8,  can  be  developed.  However,  qualitatively,  at 
least,  it  can  be  concluded  that  creep  will  cause  relatively  more  increase  in 
the  deflections  of  an  uncracked  beam  than  of  a  fully  cracked  beam.  As  for 
the  cracked  member,  the  presence  of  compressive  reinforcement  would  tend  to 
reduce  the  creep  deflections. 

(b)  Effect  of  Shrinkage  on  Beam  Deflections 

There  are  two  cases  for  which  shrinkage  strains  alone  will  cause 
little  or  no  deflection.  If  a  plain  concrete  beam  is  unrestrained  then 
shrinkage  will  cause  some  axial  shortening.  If  a  rectangular  reinforced 
concrete  beam  contains  equal  amounts  of  top  and  bottom  reinforcement  placed 
symmetrically  about  mid-depth  of  the  beam  then  shrinkage  would  not  cause  any 
deflection  although  it  might  cause  cracking. 

For  rectangular  beams  containing  unequal  amounts  of  tensile  and 
compressive  reinforcement,  with  the  compression  steel  placed  above  the  upper 
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kem  limit  and  the  tensile  steel  placed  below  the  lower  kern  limit  of  the 
concrete,  it  may  be  shown  (47)  that  the  curvature  caused  by  shrinkage  is 


m  Vshk-*') 

^sh  “  d 


(5.9) 


where  =  a  constant  which  is  a  function  of  the  dimensions  of  the  cross 
section  and  the  long-time  modular  ratio,  and 

egh=  the  free  shrinkage  strain. 

Based  on  available  data  (47)  the  following  simplified  relationship  has  been 
developed. 


Tsh  d 


(5.10) 


Given  the  curvatures  due  to  shrinkage  strains  the  shrinkage  deflec¬ 
tion  may  be  computed.  For  example,  consider  the  simply -supported  beam  of 
Fig.  5.105(a).  Assuming  a  uniform  shrinkage  curvature  the  mid-span  deflection 
is  readily  determined  to  be 


A 
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where  L  is  the  span.  However,  for  the  fixed-ended  beam  of  Fig.  5.105(b)  the 
boundary  conditions  impose  the  requirement  that  the  area  of  the  negative 
curvature  diagram  equal  that  of  the  positive  curvature  diagram  and  hence  there 
may  be  little  or  no  shrinkage  deflection.  The  shrinkage  would  have  an  indirect 
effect  on  deflections  in  this  case  in  that  the  cracking  resulting  from  shrink¬ 
age  would  cause  a  loss  of  stiffness. 


(c)  Long-Time  Deflections  of  Slabs 

The  current  state  of  knowledge  concerning  the  effects  of  time- 
dependent  behavior  of  concrete  allows  the  long-time  deflections  of  statically 
determinate  beams  to  be  predicted  with  reasonable  accuracy  if  the  load  is 
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known.  However,  for  continuous  slabs,  although  time -dependent  behavior  may  j 

be  expected  to  cause  the  same  qualitative  effects,  sufficient  data  are  not  | 

available  to  allow  an  intelligible  analysis  to  be  made  for  long-time  deflec-  I 

tions.  Until  such  data  become  available  it  is  suggested  that  the  long-time  1 

increase  in  deflection  be  taken  as  the  instantaneous  deflection  times  a 
multiplier  of  three,  if  the  instantaneous  deflection  was  calculated  on  the 
basis  of  uncracked  sections,  or  one,  if  based  on  fully  cracked  sections. 

The  instantaneous  deflection  to  be  used  is  that  corresponding  to  the  dead 
load  plus  the  portion  of  the  live  load  considered  as  being  permanent. 


5.5  Further  Applications  of  Frame  Analysis 

A  three-quarter  scale  model  of  the  prototype  flat  plate  structure 
was  constructed  and  tested  at  the  Portland  Cement  Association  Structural 
Laboratory  in  Skokie,  Illinois.  The  percentages  and  distribution  of  the 
reinforcement  in  this  structure  were  identical  to  those  of  the  quarter-scale 
test  structure  (Fl)  and  the  deflection  coefficients  of  Fig.  5*29  and  5.3O  are 
applicable  to  this  structure.  The  major  difference  between  the  two  test 
structures,  other  than  scale,  was  that  the  PCA  slab  contained  normal  deformed 
reinforcing  bars  and  large -aggregate  concrete,  while  the  quarter-scale  slab 
contained  plain  bars  and  small-aggregate  concrete. 

The  PCA  test  structure  failed  at  almost  the  same  load  and  in  the 
same  manner  as  the  quarter-scale  slab.  Figure  5.101*-  shows  load-deflection 
curves  for  six  mid -panel  points  on  the  PCA  slab.  The  curves  are  for  the 
applied  load  and  do  not  include  the  75  psf  dead  load.  On  each  curve  the  slope 
predicted  on  the  basis  of  uncracked  sections  is  given.  Note  that  the  computed 
slopes  and  the  initial  portions  of  each  of  the  curves  coincide.  The  load- 
deflection  curves  for  the  quarter-scale  flat  plate  in  most  cases  show  no 
noticeable  deviation  from  the  straight  line  representing  the  uncracked  slope 
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until  loads  of  about  80  to  100  psf  were  reached.  The  curves  for  the  PGA  slab 
show  the  same  behavior.  Hence  it  may  be  expected  that  the  curves  corresponding 
to  the  73  psf  dead  load  would  be  straight  lines  falling  on  the  computed  slopes. 
If  the  slope  of  one  of  the  curves  in  Fig.  5 •  104-  is  projected  backwards  to  the 
zero  load-zero  deflection  origin  then  the  slope  for  the  felly  cracked  sections 
may  be  plotted  from  this  origin.  These  slopes  are  not  shown  due  to  lack  of 
space.  However,  as  for  the  quarter-scale  slab,  the  deflections  at  working 
load  computed  on  the  basis  of  fully  cracked  sections  are  about  three  times 
the  measured  deflections  while  the  measured  deflections  are  only  a  small  amount 
greater  than  those  computed  for  uncracked  sections. 

The  load-deflection  data  also  showed  that,  allowing  for  differences 
in  scale  and  moduli  of  deformation  for  concrete,  the  deflections  for  corre¬ 
sponding  points  on  the  two  test  slabs  were  nearly  identical  in  the  earlier 
stages  of  loading.  For  higher  loads  the  PCA  structure  exhibited  somewhat  less 
deflection  than  the  quarter-scale  structure.  This  is  the  behavior  that  would 
be  predicted  by  the  frame  analysis  since  the  yield  point  of  the  reinforcement 
of  the  PCA  slab  was  44.5  ksi,  which  was  25  percent  greater  than  that  of  the 
quarter-scale  slab. 

One  additional  structure  has  been  studied.  This  was  a  three-story 
flat  slab  structure  designed  to  serve  as  a  library  addition.  Each  floor 
contained  thirty  square  panels  arranged  five  by  six.  In  further  discussion 
this  structure  is  referred  to  as  structure  C.  The  dimensions  of  a  typical 
interior  panel  are  shown  in  Fig.  5-105 •  The  structure  was  designed  to  carry 
a  dead  load  of  88  psf  and  a  live  load  of  90  psf.  Steel  was  provided  in 
excess  of  the  amounts  required  by  the  ACI  Code  (318-56).  The  discontinuous 
sides  of  the  edge  and  corner  panels  were  supported  on  walls. 

The  second  and  third  floors  of  structure  C  began  to  show  large 
deflections  shortly  after  construction  was  completed.  Hence  the  owners  recorded 
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the  deflections  at  each  of  the  mid-panel  and  mid-beam  points  on  these  floors  . 
for  a  period  of  five  years  beginning  shortly  after  construction.  A  composite 
deflection-time  diagram  for  a  mid-panel  point  is  shown  in  Fig.  5*106.  This 
curve  was  constructed  from  the  deflections  measured  for  a  number  of  panels 
as  all  of  the  panels,  including  edge  and  corner  panels,  showed  nearly  the 
same  behavior.  The  deflection  data  were  obtained  with  the  aid  of  an  engineers 
level  and  were  subject  to  some  error. 

The  deflections  for  this  structure  were  predicted  using  the  tabulated 
coefficients  of  Table  10.  Since  the  column  capitals  were  round  a  ratio  of 
c/L  of  0.17  was  used  in  determining  the  deflection  coefficients.  The  deflection 
coefficients  are 

mid-panel 

mid-beam  Q-0Ugl<iL 

The  computed  short-time  deflections  for  the  total  design  load  of  178  psf  are 

Point  Uncracked  Cracked 

mid -panel  0.25  in.  O.73  in. 

mid-beam  0.l6  in.  0.47  in. 

A  modulus  of  deformation  of  3,000  ksi  was  used  for  the  concrete. 

The  average  of  the  mid-panel  deflections  measured  at  a  time  shortly 
after  the  completion  of  construction  was  about  three -fourths  in.  and  the 
average  mid-beam  deflection  was  about  one-half  in.  After  five  years  these 
deflections  had  increased  to  about  2.5  and  1.5  in.,  respectively.  There  was 
no  evidence  of  foundation  or  first  floor  settlement.  The  owner  estimated 
that  only  about  25  psf  1  ve  load  had  been  acting  continuously  during  this 
period.  Since  the  deflections  were  measured  in  respect  to  the  columns  about 


one-fourth  in.  of  the  deflection  was  attributed  to  high  finishing  around  the 
columns  and  low  finishing  at  mid -panel. 

This  structure  exhibited  an  unacceptable  amount  of  deflection  and 
ultimately  required  extensive  filling  with  lightweight  aggregate  concrete  to 
achieve  level  floor  surfaces.  Investigation  into  the  causes  of  the  extra¬ 
ordinarily  large  deflections  revealed  a  number  of  contributing  factors.  The 
aggregate  used  caused  abnormally  high  shrinkage  resulting  in  extensive 
cracking.  Coring  and  x-ray  examination  showed  that  a  large  number  of  the 
reinforcing  bars  in  the  negative  moment  areas  around  the  columns  had  been 
placed  below  the  specified  elevation.  Also  the  structure  had  been  erected 
during  a  wet  season  and  the  third  floor  was  rained  on  during  casting.  The 
shoring  was  removed  after  about  20  days  and  the  still  uncured  floor  was 
then  loaded.  These  factors  all  serve  to  show  that  the  best  design  is  worth¬ 
less  unless  the  construction  is  carefully  controlled. 


i 


6.  E8SICW  OGNSHSRATZOIS 


6.1  Introductory  Remarks 

The  purpose  of  making  a  frame  analysis  is  to  determine  whether  or 
not  a  proposed  design  will  prove  unserviceable  because  of  excessive  deflections. 
If  the  computed  deflections  are  felt  to  be  objectionable  then  the  design  may 
either  be  revised  or  a  certain  amount  of  camber  may  be  provided.  Hie  camber 
may  be  introduced  into  the  structure  by  constructing  the  mid-panel  and  mid¬ 
beam  points  of  the  formwork  above  grade  by  amounts  equal  to  the  long-time 
deflections  calculated  for  the  permanent  load. 

Certain  types  of  construction  are  particularly  susceptible  to 
developing  unacceptable  deflections.  Flat  slab  and  flat  plate  structures, 
being  the  most  flexible  form  of  structure,  are  those  that  most  often  show 
excessive  deflections.  A  flat  plate  floor  erected  by  the  "lift-slab"  technique 
is  normally  supported  by  steel  columns  affording  very  small  support  areas  and 
restraint.  Hence  this  type  of  structure  is  probably  most  prone  to  developing 
objectionable  deflections.  Seme  lift-slab  structures  are  designed  with  canti¬ 
lever  portions  of  the  slab  extending  beyond  the  edge  columns.  These  cantilever 
portions  act  to  decrease  the  deflections  of  the  edge  and  comer  panels. 

In  previous  chapters  the  frame  aralysis  has  been  shown  to  give  good 
results  in  the  prediction  of  deflections  of  nine-panel  test  structures.  In 
the  following  section  the  application  of  the  frame  analysis  to  multiple -panel 
floor  slabs  with  nonsymmetrical  layouts  is  discussed.  The  discussion  is  based 
on  the  assumption  that  analysis  will  be  performed  on  structures  with  all  panels 
uniformly  loaded. 
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Consider  the  schematic  layout  of  a  typical  multiple-panel  structure 
shown  in  Pig.  6.1.  In  order  to  determine  the  mid-panel  deflection  of  panel  A 
it  is  necessary  to  analyze  three  and  perhaps  four  frames.  If  these  frames 
were  taken  as  extending  the  full  width  of  the  structure  a  prohibitive  amount 
of  labor  would  be  required  in  their  analyses.  Since  it  may  be  expected  that 
a  column  more  than  two  panels  from  a  discontinuous  edge  will  undergo  little 
rotation  about  an  axis  parallel  to  that  edge,  it  may  be  assumed  that  each  of 
the  frames  is  fixed  at  the  third  column  from  the  edge.  Based  on  this  assump¬ 
tion  the  frames  to  be  used  in  computing  the  deflections  of  panel  A  are  those 
shown  either  as  shaded  or  as  bordered  by  broken  lines  in  Fig.  6.1. 

If  the  two  east-west  oriented  frames,  numbered  1  and  2  in  Fig.  6.1, 
are  similar  then  only  one  of  these  frames  need  be  analyzed.  The  effect  of  the 
rotation  of  frame  number  1  about  its  longitudinal  axis  on  the  deflections  of 
panels  A  and  C  is  found  by  analyzing  frames  3  and  4.  The  final  mid -panel 
deflection  of  panel  A  is  the  sum  of  the  average  of  the  mid-span  deflections 
of  the  longer  supporting  beams,  the  effect  of  the  edge  rotation,  and  the  factor 
determined  using  the  S -method. 

The  mid-panel  deflection  of  panel  B  may  be  found  using  the  frame 

analysis.  However,  if  the  supporting  beams  in  the  long  direction  are  similar 

then  the  deflection  may  be  predicted  reasonably  well  using  the  tabulated 

deflection  coefficients  of  Tables  7,  10  and  13 .  That  this  is  true  even  for 

the  interior  panel  of  the  test  structures  described  in  Chapter  5  is  shown 

by  the  following  comparison  of  computed  with  tabulated  coefficients.  All 

4/ 

coefficients  are  of  qL  /D.  For  panels  located  more  than  two  panels  from  a 
discontinuous  edge  tabulated  coefficients  may  be  used. 


Slab  No. 

Coefficients  from  Table  10 

Mid-oanel 

Mid-beam 

Mid-panel 

Mid-Beam 

1  (FI) 

0.00424 

0.00289 

0.00441 

0.00304  (H-0,  £  -  0.1) 

2  (F2) 

0.00287 

0.00162 

0.00289 

0.00173  (H-0,  -  -  0.2) 

3  (Tl) 

0.00194 

0.00048 

0.00161 

0.00035  (H-3-6,  £  -  0.1) 

4  (T2) 

0.00273 

0.00132 

0.00258 

0.00130  (H-0. 6,  £  -  0.1) 

Note  that  the  coefficients  given  for  slab  No.  2  (F2)  are  for  a  c/L 
ratio  of  0.2.  This  ratio  corresponds  to  the  size  of  the  column  capital  at 
the  line  of  intersection  of  the  capital  with  the  bottom  of  the  drop  panel. 

The  curvature  occurring  within  the  limits  of  the  column  capital  would  con¬ 
tribute  to  the  deflections  but  this  contribution  would  be  offset  to  some  extent 
by  the  stiffening  effect  of  the  drop  panel.  Finite  difference  solutions  for  a 
square  panel  containing  a  drop  panel  showed  the  presence  of  the  drop  decreased 
the  mid-beam  and  mid-panel  deflections  by  less  than  one  percent  compared  with 
the  same  panel  without  drops.  The  case  considered  was  one  for  which  H  =  0 
and  c/L  =  0.2.  The  thickness  through  the  drop  was  taken  as  twice  that  of  the 
remaining  panel.  The  width  of  the  drop  from  an  edge  to  the  adjacent  column 
face  was  taken  as  one-twentieth  of  the  span. 


7-  SUMMARY  AND  CONCLUSIONS 


7.1  Summary 

An  adequate  design  of  a  structure  must  provide  for  both  safety  and 
serviceability.  Safety  is  assured  if  the  requisite  strength  is  provided. 

The  purpose  of  this  study  was  to  develop  a  means  of  determining  whether  a 
design  which  provided  adequate  strength  would  also  meet  the  serviceability 
criterion  of  deflections.  To  this  end  the  current  building  code  provisions 
concerning  deflections  were  examined.  The  discussion  of  these  codes  included 
in  Chapter  2  points  out  that  all  of  the  codes  attempt  to  control  deflections 
by  insuring  adequate  rigidity  through  specifying  minimum  thicknesses  or 
minimum  thickness-to-span  ratios. 

The  classical  theoretical  methods  of  finding  solutions  for  deflec¬ 
tions  of  plates  are  discussed  in  Chapter  3.  Here  it  is  shown  that  the 
deflections  of  a  panel  in  an  ideally  elastic  structure  are  influenced  by  the 
size  and  shape  of  the  panel,  the  size  and  flexural  stiffness  of  the  supporting 
columns,  the  flexural  and  torsional  rigidity  of  the  supporting  beams,  and  the 
type  and  extent  of  the  loading.  Solutions  for  interior  plates  supported  on 
rigid  columns  of  finite  cross-sectional  area  are  given  for  the  first  time. 

Based  on  the  concept  of  the  way  in  which  a  continuous  structure 
deforms,  an  approximate  method  of  analysis  for  deflections  is  developed  in 
Chapter  4.  This  method  is  applicable  to  continuous  uniformly  loaded  structures 
containing  rectangular  panels  supported  at  their  corners.  Solutions  for 
interior  plates  on  flexible  supports  showed  that  the  lines  of  inflection  for 
bending  moments  in  the  directions  of  the  long  and  short  spans  were  located 
about  one-fifth  the  span  considered  from  the  supporting  beams.  The  approximate 
method  consists  of  finding  the  mid-beam  deflections  by  selecting  portions  of 
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the  three-dimensional  structures  for  analyses  as  two-dimensional  frames.  Each 
of  the  frames  is  taken  as  including  a  row  of  columns  and  teams  and  extending 
from  a  discontinuous  edge  of  the  structure  to  an  Interior  point  which  my  be 
assumed  to  undergo  no  rotation.  The  width  of  the  frame  is  taken  as  Including 
one-fifth  the  width  of  each  panel  lying  on  either  side  of  the  column  center- 
line.  The  loading  to  be  applied  to  the  frame  includes  that  on  the  frame  plus 
additional  portions  of  the  total  load  on  each  of  the  contiguous  panels.  These 
additional  portions  are  defined  as  functions  of  the  ratios  of  sides  and  beam- 
to-slab  rigidities .  Once  the  mid -beam  deflections  have  been  determined  the 
mid -panel  deflections  are  found  using  the  mid-beam  deflections  plus  a  second 
procedure . 

The  frame  analysis  was  used  to  compute  the  deflections  of  33  cases 
of  mathematical  models  of  nine-panel  elastic  structures  for  which  the  column 
and  beam  stiffnesses  were  known.  The  deflections  of  these  structures  for  a 
uniform  loading  had  previously  been  determined  using  finite  differences.  The 
results  of  the  analyses  showed  good  agreement  between  computed  and  finite 
difference  solutions  for  the  27  cases  for  which  all  panels  were  loaded.  Bbr 
the  six  cases  for  which  only  the  interior  and  comer  panels  were  loaded  the 
solutions  found  using  the  two  procedures  gave  poorer  agreement.  However,  for 
these  cases  the  theoretical  deflections  were  in  most  cases  less  for  the  partial 
loadings  than  for  all  panels  loaded. 

In  addition  to  the  factors  affecting  deflections  of  ideally  elastic 
structures,  the  deflections  of  reinforced  concrete  structures  are  further 
influenced  by  cracking  of  the  concrete,  yielding  of  the  reinforcement,  the 
nonlinearity  of  the  stress-strain  curve  for  concrete,  and  the  time -dependent 
behavior  of  concrete.  Applications  of  the  approximate  procedure  to  the 
analyses  of  real  reinforced  concrete  structures  are  discussed  in  Chapter  3* 
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The  results  obtained  show  good  agreement  in  most  cases  between  predicted 
deflections  and  the  deflections  measured  while  the  structure  was  nearly 
uncracked.  The  poorest  agreement  between  measured  and  predicted  deflections 
was  for  the  deep  beams  in  the  flat  plate  and  flat  slab  test  structures  and 
for  the  beams  of  the  two-way  slab  with  deep  beams.  A  method  of  predicting 
the  shape  of  the  load-deflection  curve  between  cracking  and  yielding  is  given. 
Additional  design  considerations  and  discussions  of  the  analyses  of  non- 
symmetrical  layouts  are  given  in  Chapter  6. 

7-2  Conclusions 

The  current  building  code  provisions  on  deflections  consider,  in  an 
implicit  manner,  only  a  few  of  the  many  factors  affecting  deflections.  Hence 
the  thickness  and  thickness -to-span  limitations  prescribed  by  the  codes  cannot 
be  expected  to  prevent  excessive  deflections  in  all  cases. 

The  frame  analysis  method  does  take  into  account  all  of  the  factors 
affecting  deflections  of  both  ideally  elastic  and  reinforced  concrete  struc¬ 
tures.  In  using  the  frame  analysis  to  compute  the  deflections  of  a  structure 
the  loading  case  to  be  considered  is  that  of  all  panels  uniformly  loaded.  The 
data  available  indicate  that  while  pattern  loadings  cause  maximum  moments  at 
various  points  they  seldom  cause  maximum  deflections,  and  when  they  do  cause 
maximum  deflections  these  are  usually  not  appreciably  larger  than  the 
deflections  for  all  panels  loaded.  Hence  the  major  effect  of  pattern  loadings 
appears  to  be  that  of  causing  additional  cracking  which  in  turn  may  help  to 
increase  deflections. 

The  efficacy  of  the  frame  analysis  method  was  shown  by  the  results 
of  analyses  of  both  ideally  elastic  and  reinforced  concrete  structures.  The 
structures  considered  all  contained  nine  square  panels  arranged  three-by-three. 
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Additional  tests  of  structures  containing  more  panels  with  other  arrangements 
of  panel  layouts  are  required  to  prove  that  the  method  may  he  extended  to 
these  cases.  However,  for  structures  with  nonsymmetrical  regular  layouts 
the  frame  analyses  may  be  expected  to  give  acceptable  results. 

The  major  unknown  in  predicting  the  total  deflections  of  a  reinforced 
concrete  slab,  other  than  the  amount  of  the  live  load  to  assume  as  acting 
permanently,  is  how  much  increase  in  deflection  will  be  caused  by  time- 
dependent  effects.  This  is  one  area  in  which  much  additional  research  effort 
is  still  required.  Additional  information  is  also  needed  concerning  how  much 
relative  deflection  can  be  tolerated  by  different  types  of  construction 
supported  on  slabs. 

The  frame  analysis  procedure  developed  in  this  report  makes  available 
a  method  of  predicting  deflections  of  multiple-panel  reinforced  concrete  floor 
slabs.  The  application  of  the  procedure  does  not  require  an  excessive  amount  of 
office  time  and  computations  need  only  be  made  to  within  slide  rule  accuracy. 
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Greece 

Portugal 

Turkey 

7cm»2.76  in. 

N 

W 

tl 

« 

5ca^l.97  in. 

n 

« 

ti 

»t 

15cm  »  5.9  in. 

It 

It 

II 

II 

DIN  1045  Art. 22. 2 

Trance 

5cm  if  cast  in  place, 
and  nonmonolithic,  4  if 
cast  in  place  monollth- 
ically,  3/4  above  if 
prefabricated 

Same  as  two-way 

Regies  B.A.  i960. 
Art.  4.36 

Netherlands 

8cm^3.15  in. 

7cm 

•jjjj  span  if  dropa 

span,  no  drops 

Gewapend  Be ton - 
voorschriften 
G.B.U.  1950  - 
Art.  24 

Poland 

none 

15cm  or  -^5  span 

12  or  span  if 

roof 

Konstruckeje 

Zelbsture 

PN  -  56/B-03260 
Art.  5*4.4 

Sweden 

d  »  6cm  ■  2.36  in. 

15cm  or  span 

Statliga  Be tong - 
bestimmelser  1937 

Argentina 

15cm 

Codigo  de  la 
Edificacion 

Art.  8. 7. 1.5. 

Spain 

y:  short  span 

Reglement  du 

Mini s tire  des 
Travaux  Publics 
pour  Le  Be ton 

Arne  -  Art.  46 

U.S.A. 

10.acm.lt  la  or 

■jjg  span  or  4  in. 
with  drop  panels 
■jg  span  or  5  in. 
if  no  drops 

ACI  318-56 

Great 

Britain 


Thickness  governed  by 
minimum  thickness  to 
span  ratios  only 


Code  of  Practice 
No.  114.  (1957) 
Art.  309.  d 
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TABUS  3 


COMPARISON  07  THICKNESSES  REQUIRED  TOR  U.  OF  I. 
TEST  SLABS  BY  VARIOUS  BUILDING  CODES 


Flat  Slabs 

Two-Way  Slabs 

Country 

Required 

Criterion  Which 

Required 

Criterion  Which 

Thickness 

Controls 

Thicknes* 

Controls 

Minimum  t 

a 

> 

1 

Minimum  t 

Minima;  t/L* 

Design 

7" 

6" 

(4") 

rN 

Perimeter 

U.S. 

6 

+ 

5 

180 

Austria 

5-9" 

+ 

(5") 

5H 

(2.75"] 

+ 

Germany 

5*9" 

+ 

5* 

(2.75; 

+ 

Greece 

5-9" 

+ 

K 

<2.75") 

+ 

Portugal 

5-9" 

+ 

5- 

2.75; 

+ 

Turkey 

5-9" 

+ 

5" 

(2.75  ] 

+ 

France 

9 

i/\ 

e 

CO 

(1.6") 

+ 

8.5" 

(1.6") 

+ 

Argentina 

5-9" 

+ 

NR** 

— 

NR** 

Poland 

7-5" 

(5.9") 

+ 

NR 

Netherlands 

6" 

NR 

+ 

3.2" 

+ 

NR 

Sweden 

7-5" 

(5-9") 

+ 

3.4" 

Spain 

6.9" 

NR 

+ 

NR 

Great  Brit. 

6" 

NR 

+ 

6" 

NR 

+ 

Yugoslavia 

8" 

NR 

+ 

8" 

NR 

+ 

*  Where  a  code  specified  a  minimum  effective  d,  a  cover  of  l"  vas  assumed, 
i.e. ,  t  ■  d  +  l".  The  span  was  taken  as  240  inches  in  all  cases. 

**  HR  ■  no  requirement. 

+  Indicates  controlling  criterion. 

Note;  The  m^mnm  thickness  formulae  of  the  Swedish  and  Netherlands  codes 
control  the  thicknesses  for  these  cases.  (See  page  20.) 


TABU  4 

EBFUBCTZORS  0?  UNX7QRML?  LQAIXD  RECTANGULAR 
PLACES  ON  N0NTE7LBCTING  SUPPORTS 

(Reference  23) 

Case  1 


V ' 

* 

1.0 

0.00192 

1.7 

0.00668 

1.0 

0.00192 

1.1 

0.00251 

1.8 

0.00732 

1.1 

0.00209 

1.2 

0.00319 

1.9 

0.00790 

1.2 

0.00223 

1.3 

0.00386 

2.0 

0.00844 

1.3 

0.00234 

1.4 

0.00460 

3.0 

0.01168 

1.4 

0.00240 

1.5 

0.00531 

00 

0.01302 

1.5 

0.00247 

1.6 

0.00603 

2.0 

0.00260 

00 

0.00260 

Four  Ednes  Clamped 

,  Ul _ J 

L  \LL _ 

) 

LT®/2 

) 

1*1 

;  s/2 

h-  _L 

i/  8 

s/l 

^D/qS4 

i/s 

s/l 

^D/qS4 

1.0 

1.00 

0.00126 

1.6 

0.62 

0.00230 

1.1 

0.91 

0.00150 

1.7 

0.59 

0.00236 

1.2 

0.83 

0.00172 

1.8 

0.56 

0.00245 

1.3 

0.77 

0.00191 

1.9 

0.53 

0.00249 

1.4 

0.71 

0.00207 

2.0 

0.50 

0.00254 

1.5 

0.67 

0.00220 

00 

0 

0.00260 
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TASIZ  4  (Continued) 

Cate  6 

Two  Edges  Simply  Supported.  One  Edge  Clamped,  One  Bdee  Free 


-I 


I 


a/i" 


Vi 


PolBBon'e  Ratio  >0.3 


b/a 

b/a 

d^E/qa4 

0 

0.1250 

5/2 

0.0141 

l/3 

0.0940 

2 

0.0150 

1/2 

0.0582 

3 

0.0152 

2/3 

0.0335 

00 

0.0152 

1 

0.0113 

Case  7 

Three  Edges  Simply  Supported.  One  Edge  Free 


I 


a/2 

a/2 


r*i 


Poisson’s  Ratio  >0.3 


b/a 

AjD/qa4 

b/a 

AjD/qa4 

0.50 

0.00710 

1.1 

0.01341 

0.6? 

0.00968 

1.2 

0.01384 

0.72 

0.01023 

1.3 

0.01417 

0.79 

0.01092 

1.4 

0.01442 

O.83 

0.01158 

1.5 

0.01462 

0.91 

0.01232 

2.0 

0.01507 

1.00 

0.01286 

3.0 

0.01520 

00 

0.01522 

Case  8 


b/a 

b/a 

^E/qa4 

0.6 

0.00271 

1.0 

0.00333 

0.7 

0.00292 

1.25 

0.00345 

0.8 

0.00308 

1.5 

O.OO335 

0.9 

0.00323 

I 

I 

I 

a 

t 
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TABUS  16  (Continued) 
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Point  Designation 
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'TIOH  WITH  c/L  RATIO 


FIG.  3.8  VARIATION  OF  DEFLECTION  WITH  c/L  RATIO,  S/L  *  0.8,  Ig  •  (S/L)l, 


VARIATIOH  OP 
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0>)  TWISTING  MOMENT  APPLIED  ALONG  BEAM  CENTERLINE 


(c)  TWISTING  MOMENT  DIAGRAM 


(d)  UNIT  ROTATION  DIAGRAM 


FIG.  t.3  ROTATION  OF  SEAM  UNEER  APPLIED  UNIT  TWISTING  MOMENT 


HIM 


rat  vobsiowl  Bonxiov  or  a 


FIO.  4.5  COMPARISONS  OP  THEORETICAL  AND  PRAMS  ANALTSES 

somnoMs,  j  -  0.25.  k  «  10.  all  panels  lcadp 


FIG.  U.7  COMBARISOHS  OF  THEORETICAL  ARO  PRAMS  ANALYSES 
_ SOLUTIOMS,  J  «  0.25,  K  «  90.  ALL  BUHLS  LOADED. 


VIEW  OP  FLAT  SLAB  (F2) 


CP  TWO-HAT  SLAB  WITH  EGEP 


.152 


VIEW  OP  PLAT  SLAB  (?4) 


Not*:  All  bors  1/8  in.  square 


no.  5.5  BOTTOM  9TKZL  ZB  TBB  TUB  PIATK  TEST  STBUCTUB  (n) 


FIG.  5.6  TOP  STEEL  HI  THE  FLA*  PLATE  TEST  STRUCTURE  (FI) 


-156- 


top 

toottc 

fl 

Jvvv< 

t  % 

?? 

vf 

f  WOli-A 

SO  l/N 

so  U\ 

***** 

H  M 

M  M 

1 

CSI  CSi 

SI 


I 


ft 


■a 


* 
w 

M  K 


W 


II 

§z 

y<f 

Y<? 

•  V 

VO  IA 

sb  *r\ 

H  H 

M  M 

-A? 

C Uj+ 

3 

I 


•  •  •  • 

?0*  O'  9 

m  m  • 


•  •  •  • 


35  It  If 

V  I  •  I  I 

R  CO  CO  00  00 

s»» 


|aaaa 


tfM 


O 

Cl 


I 


BEAMS  ZH  THE  WAT  PLATE  TEST 


1 1  FLAT  PLATE  TEST 


Alter 


Values  In  parentheses  refer  to  Test  Structure  No.  2 
All  values  are  given  in  square  inches. 
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Deep  Beat 


HO.  5.15  COMPARISON  OF  CROSS-SECTIONAL  ARFAS  OF  SLAB  NEGATIVE 

REINFORCEMENT  PROVIDED  IN  TEST  STRUCTURES  NO.  2  AND  NO.  5 


Values  Id  parentheses  refer  to  Teat  Structure  No. 2 
All  values  are  given  in  square  inches. 


lot*:  All  bars  ar*  l/8-ln.  squar*  la  cross  saotioa 


FIG.  5.17  ABUUWMB  OF  BOTTOM  RBHFOBCBOT  II  TIPICAL  TWO-WAI  SLAB(Tl) 


no. -5.i8  ABRAKMorr  or  top  «jjnmiw*r  a  tipical  wo-mai  slab  (ti) 


lot*:  AH  fears  ar*  l/8-in.  sqeare  la  cross  section 
and  ars  spaced  uniformly. 


U  5.20  ARBAHBOT  OF  BORON  HWUCBMW  H  WO -MAI  SUB  WISH  SHALLOW  MAMS 
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lot*:  All  ten  or*  l/8-in.  sqvaro  1b  erosa  saetlaa 
and  art  apacad  uniformly. 


no.  5.21  AKRAKcacnrr  or  top  rectforcbmit  zr  two-way  slab 

WITH  SHALLOW  BEAMS  (T2) 


no.  5.22 


IR2SK5 


itii 


V> 
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I1HHJIB! 


I  EL  I 


mi 


D**p  Bmi  (1/2"  x  1-1/2") 


lot*:  All  b«ra  in  nlAU*  and  oolwn  atrip*  aar*  15*0  in.  or  7.$  in. 
in  langth  nnA  vara  altarnatnlr*  AH  bora  in  tba  wall 

atrip*  aar*  15.0  in.  in  l«c«th.  All  bar  diaMtara  aar*  0.0355  in 

FZO.  5.24  ABRAHCOMBfT  02  BOTTOM  RXXBTORCMBTT  IS  THE  FIAT  SIAB  (25) 


7«o.tt"  lflao.te"  1  Shallow  B—  lamO.te", _ 


n  FIAT  SIAB  TBST 
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k 

Hot*:  D* flection  coefficient#  of  ql«  /D  ar*  given  abort  the  11a*  of 
tymmtrji  deflection*  la  inches  for  q,  *  100  p*f,  L  ■  60",  and 
I  -  3/100,000  p*l  ar*  given  b*low. 


no.  3.31  UmjKTXMB  AMD  ECTLBCTIOH  C01ITICIBfT8  FOR  THE  FIAT 
SLAB  (F2)  BASED  01  IMCBAOKED  8ECTI0HS 


0.01603 


0.01050 

0.01513 

©  < 

0.01050 

0.01531 

0.( 

•,1 

0.00W5  rri,n 

0.01067 

0.00030 


o.o60"  n 


$<  0.00125 


Hot*:  Deflection  coefficients  of  <jL  /D  are  given  above  tht  line  of 
aysnetryj  deflections  in  Inc  baa  for  q  ■  100  psf,  L  -  60"  and 
IQ  ■  3,100,000  pal  era  given  below. 

FZO.  5*32  DSFLSCTIOHS  AHD  EBTLSCTION  CODfldBITS  FOR  THB  FIAT 
SLAB  (F2)  BASKD  Oil  FUUUf  CRACKED  SBCTKWS 


lfot«:  Do flection  coefficients  of  ql»  /D  are  given  above  the  line  of 
■yes  try ;  deflections  In  Inches  for  q  «  100  p*f,  L  -  60",  and 
B  ■  3,700,000  psl  are  given  below. 

C 

no.  5.33  muciioRS  ahd  nsrucTiov  cooticidtes  tor  the 
HAT  BIAS  (F3)  BASH)  01  FULUf  CRACKED  SBCTIORS 


I  u 

Hot*:  Deflection  coefficients  of  <jL  /D  ere  given  above  the  canter 
line;  deflections  in  inches  for  q  -  100  psf,  L  ■  60",  and 
lQ  -  3,000,000  pel  are  given  below* 

no.  3.3?  Dsnjcrzovs  ahd  d0ijctxok  connciHrrs  for  IBS 

WO -WAT  3IAB  WITH  BP  BEAMS  (Tl)  BASED  OK 
UKCRACKED  SECTIOKS 


h 

Hot*:  Deflection  coefficients  of  qL  /D  are  given  above  the  center 
line;  deflections  in  inches  for  q  ■  100  psf,  L  -  Go",  and 
Ic  •  3,000,000  psi  are  given  below 


FIG.  3.36  EEFLKTIOHS  AHD  DEFLECTION  C0HTICIHIT8  FOR  TBB 
TWO-WAY  SLAB  WITH  EBP  BEAKS  (Tl)  BASED  OH 
FULLY  CRACKED  SBCTIOHS 
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1 

1  0.00079  | 

0.0016$  | 

lot*:  Dofloction  cotfficlwts  of  qL  /D  nro  firm  abort  tht  cantor 
11m;  daflactlotu  in  inches  for  q  ■  100  psf,  L  ■  60",  and 
I.  *  3, 300,000  psi  art  firm  bolow. 

no.  5.37  wnamam  aid  evxjctxo*  cawmcmm  job  m 

WO -WAT  SLAB  WITH  8BAIL3W  BKAMB  (K)  BAUD  01 
UBCBACKID  SBTZ0RB 
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1  0.00251  | 

0.00495  | 

Canter  Line 
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1 
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0.01172  ] 
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j  0.01433 

0  1 
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0.00314  j 
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1  0.00502 

m 


Vote:  Deflection  coefficients  of  qLyD  are  given  above  the  center 
line;  deflections  in  Inches  for  q  ■  100  psf,  L  -  60",  and 
B  -  5,300,000  pal  are  given  below. 

C  X 


FZ0.  5*38  DEFLECTIONS  AND  DBPLBCTIOH  CODTICIDfTS  FOR  THK 
TWO-VAT  SLAB  WITH  SHALLOW  BSAMS  (T2)  BASE)  OH 
FULLY  CRACKXD  SBCTXOKS. 


0  0.1  0.2  0.3  0.4  0.3 

Deflection,  in. 

FIG.  5*39  LOAD- DEFLECTION  CURVE,  FIAT  PLATE  (Fl),  FOOT  AQ 


0  0.1  0.8  0.3  o.k  0.5 


Deflection,  in. 

FIG.  5.^  IOAD-DBUCnOB  CURV1,  FIAT  FIATS  (FI),  FOOT  \ 


0 


D«fl*ctlofa,  In. 

TO.  5.U4  LQAD-DETLBCTlOaf  COHVIS,  HAT  HATE  (Fl),  FOOTS  C?  AID  0^ 


Deflection,  In. 


no.  5. 


46  LOAD-DDUSCTIOH  CURVE,  FIAT  PLATE  (Pi),  POUfT  Eg 
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Deflection,  In. 

71D.  $.50  LOAD-DKTUGCTZOII  CURVES,  FIAT  FIATS  (Fl)  FOISTS  AMD  H4 


Deflection,  In. 

710.  5.51  LQAD-DDUCTZOi  CURVB,  JUT  PUTS  (71),  POUT  0Q 


KSIHI 
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Deflection,  in. 

FIG.  5.56  LOAD-DEFLBCTICW  CURVE,  FIAT  SLAB  (F2),  POUfT  ^ 


•  If 


1  Deflection,  in.  2  _ 

L  5.69  IOAD-EBUCTlOlf  CURVBS,  FIAT  SLAB  (F3),  FOOTS  k^AfDk^ 


Uncracked 
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FIG.  5.35  LQAD-DBFLBCTION  CURVE,  FIAT  SLAB  (F5),  POINT  DQ 


5.89 


5-92 


Deflection 


rzo.  5.101  MKBOD  or  COBSUCTZOf  or  BMUBOUC  SUUBXZEOi  CURfX 


(e)  Slaply  Supported  Beam 


no.  5.103  SHRHKAG8  CURVATURE  IX  RUX70RCKD  COSCRHE  BEAMS 


Deflection,  in 


Deflection,  in. 

Rote:  Straight  lines  narked  U  are  slopes  predicted  on 
the  basis  of  uncracked  sections. 


FIO.  3.104  LOAD-DRFLBCTXOR  CURVE  FOR  PCA  TR8T  SLAB 


Colaaa  Strip  «  U'-y  MlMla  Strip  ■  11* -3"  |  Col—  Strip  -  ll'-T 

«B  ■  bottom  bars 
T  ■  top  ban 


no.  5.10$  TTPICXL  XnBlOB  IMXLi  3TRUC1WB  C 


PIG.  5.106  EEPUKTIOK-TXMB  CURVES,  IPTERIOR  PMIKL, 


IAYOUT  or  A  'J 


APPENDIX  A 


EXTRACT  FROM  FRENCH  BUILDING  CODE  ON  DEFLECTIONS 

A.l  Introductory  Remarks 

Material  contained  in  the  i960  French  Building  Code  (22)  which 
pertains  to  deflections  is  given  below.  The  French  Code  is  a  combined  build¬ 
ing  code  and  conmentary.  Article  4.26  and  the  accompanying  commentary  discuss 
the  minimum  depth  of  beams.  Article  4.36  incorporates  Art.  4.26  in  a  dis¬ 
cussion  of  the  minimum  allowable  thickness  of  slabs.  Portions  of  Articles  1.22- 
1.23  and  3.31  are  included  to  clarify  points  listed  in  Arts.  4.26  and  4.36. 

A. 2  Extract  on  Deflections 

Art.  4.26  Minimum  Depth  of  Section 
Rule 

The  deformations  of  joists  and  beams  must  be  small  enough  so  that 
surface  coatings,  partitions  or  other  construction  supported  by  the  concrete 
members  will  not  be  damaged. 

Commentary 

Of  the  cases  reported  in  the  past  few  years  of  concrete  structures 
becoming  unserviceable,  a  large  number  were  attributed  to  excessive  deformations 
of  flexural  members. 

Two  types  of  difficulties  are  encountered  in  attempting  to  define 
the  required  rigidity  of  flexural  members. 

a)  Uncertainties  exist  as  to  what  modulus  of  elasticity  and  what 
moment  of  inertia  should  be  used  as  well  as  to  the  effects  of  bond  and 
shrinkage . 

b)  Statistics  obtained  from  the  study  of  failures  do  not  at  the 
present  time  permit  the  definition  of  the  ratio  of  deflection  to  span,  A/L, 
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or  of  the  absolute  value  of  deflection  that  should  be  specified  generally. 
Nor  is  it  possible  to  define  limits  which  indicate  damage  to  parts  of  the 
structure . 


The  following  areas  must  be  considered: 

a)  Formulas  defining  minimum  depth  of  slabs  and  beams  for  important 
works  are  needed. 

b)  The  effects  of  the  continual  increases  in  allowable  stresses  on 
serviceability  must  be  considered.  These  increases  are  permissible  from  a 
standpoint  of  strength  but  may  result  in  excessive  deformations. 

c)  Advances  in  construction  procedures  which  lead  to  earlier 
decentering  and  earlier  loading  must  be  considered  since  these  may  have  the 
effect  of  increasing  creep. 

Generally  it  may  be  assumed  that  for  structures  to  be  used  as 

dwellings,  schools,  or  offices  it  will  not  be  necessary  to  define  the  required 

rigidity  for  members  whose  ratio  d/L  of  depth  of  section  to  clear  span  is  at 

least  equal  to  0.10  (M^/Mo)  where  is  the  maximum  bending  moment  in  the  span, 

and  Mq  is  the  static  moment  or  the  maximum  bending  moment  that  would  exist 

in  the  span  under  consideration,  if  it  were  simply  supported.  The  additional 

stipulation  is  made  that  the  area  A  of  the  tensile  steel  must  be  such  that 

s 


10CA 

_ s 

bd 


(A.l) 


where  b  is  the  width  of  the  flange,  d  the  effective  depth  of  the  beam  and  f 

y 

is  the  yield  point  of  the  reinforcement  in  kg/ cm' . 

For  beams  supporting  slabs  the  ratio  d/L  must  be  at  least  l/l6 
regardless  of  the  relative  value  of  M^. 

If  these  conditions  are  not  fulfilled  then  the  following  procedure 
may  be  used.  Assume  that  for  a  simply  supported  beam  of  span  L  having  a 
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constant  cross  section  the  mid-span  deflection  Atl  caused  by  instantaneous 
loads  is  equal  to  the  sum  of  the  deflection  A^  caused  by  the  instantaneous 
loads  and  the  deflection  A^  caused  by  the  long  time  loads.  Thus 

Au  -  +  ^  (A.2) 


The  deflections  are  computed  from  the  following  relationships: 

Ai  ■  mrs  ffsi  ♦ 

s'*  J 

.2  r  i  f  i  2*5f  -i 

*1  ■  35i  °-ooola5  +  |  (-#  +  1-^)  (A.4) 

s  cl  .  -> 


where  d  =  effective  depth  at  the  point  of  maximum  moment; 

2 

E  =  modulus  of  elasticity  for  steel  =  2,100,000  kg/ cm, 
s 

Ecl=  modulus  of  elasticity  for  concrete  (see  Section  3.312); 

fgi,  fcl  =  steel  and  concrete  stresses  under  short  time  loading, 

fsl,  fcl  =  steel  and  concrete  stresses  under  long  time  loading. 

The  term  9  is  taken  as  1.00  when  the  percentage  of  steel  p  =  10QA  /bd 

s 

is  greater  than  0.25[ 5-^/2400 J .  Otherwise 

v 


9  =  2 


4p 

5-fy/2400. 


(A.  5) 


where  p  is  the  percent  of  reinforcement  and  f  is  the  yield  point  of  the 

v 

2 

reinforcement  in  kg/ cm  .  For  calculating  A^  the  ratio  fcl/Ec  shall  not  be 
taken  as  less  than  0.000129. 

For  continuous  or  for  fixed  elements  the  deflection  A  at  the  center 
of  the  span  considered  shall  be  taken  as 

A  =  At  +  0.5(Aw  +  Ag)  (A.  6) 

The  terms  A^,  Aw»  and  Ag  are  obtained  by  using  Eqs.  A. 3  and  A. k.  The 
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deflection  A  is  computed  by  replacing  L  by  the  distance  L'  between  the  points 
of  inflection.  In  order  to  compute  the  deflection  Ay  (or  A@)  replace  L  by 
2a w  (or  2ag),  where  aw  (or  ag)  designates  the  distance  from  the  left  (or  right) 
support  to  the  adjacent  point  of  inflection. 

The  stresses  are  in  each  case  the  maximum  stress 

si  si  cl  cl 

in  the  steel  and  concrete  under  the  action  of  the  instantaneous  loads  or  of 
the  long-time  loads  in  the  fictitious  span  of  length  L’  for  in  the  left 
support  for  4^  and  at  the  right  support  for  and  d  is  the  effective  depth 
in  the  span  or  at  the  supports  according  to  the  case  considered. 


For  a  cantilevered  span  of  length  L,  the  deflection  at  the  free 


end  is: 


l2  rfsi +  15fd 


5d 


SE 


,  f  ,  2.5f 

0.000125  +  |  (-|i  +  -g  cI  (A. 7) 

«  Cl  -1 


s  s 

The  stresses  are  those  in  the  steel  and  concrete  at  the  section  of  effective 
depth  d  at  the  support  and  the  length  L  is  taken  as  the  clear  span. 


The  major  difficulty  lies  in  fixing  the  value  of  the  allowable  de- 
flection-to-span  ratio.  This  should  be  mainly  a  function  of  the  type  and  use 
of  the  members.  An  approximate  guide  for  admissible  deflection- to-span  ratio 
for  elements  supporting  walls,  partitions  and  fragile  fixtures  is  1/500. 

For  large  spans  1/500  may  not  be  a  sufficient  restriction  and  an 
absolute  value  of  deflection  may  have  to  be  specified,  in  order  to  reduce  the 
risk  of  cracking  of  partitions. 

| 

Art.  4.36  Minimum  Thickness  of  Slabs 
*<••360 

Rule  Deflections  must  be  small  enough  that  partitions  etc.,  are  not 


damaged. 


Commentary 

The  methods  of  Art.  4.2 6  may  he  used  for  slabs. 

If  the  following  two  conditions  are  met  then  deflections  need  not 
be  considered. 


a)  Let  M  and  M  be  the  maximum  unit  bending  moments  in  a  simply 
x  y 


supported  slab  of  spans  Lx  and  L^.  (M^  is  assumed  larger  than  . )  Let 

be  the  unit  moment  in  the  x  direction  taking  into  account  the  effects  of 


fixity  and/or  continuity.  (M,  >  0.75  M  ).  Then  if  the  ratio  d/L  is  equal 


M, 


1  t 

to  or  greater  than  jj-  the  deflection  is  not  considered  objectionable. 

x 


b)  Let  A  be  the  cross-sectional  area  of  the  tensile  reinforcement 
s 


for  a  width  b,  d  the  effective  depth,  and  f  the  elastic  limit  of  the  rein- 

y 


forcement.  Then  the  maximum  percentage  of  steel  p  =  10QA  /bd  must  be  less  than 

s 


.8  x  2400/f  =  1920/f  where  f  has  units  of  kilograms  per  square  centimeter. 

y  y  y 


4.361 

Rule  Slabs  cast  in  place  should  have  a  minimum  thickness  of  4  cm  when 
they  flre  constructed  monolithically  with  beams  or  have  an  equivalent  support. 
Otherwise,  their  minimum  thickness  should  be  5  cm- 

4.362 

Rule  Slabs  prefabricated  in  shops  must  have  a  thickness  at  least  75  per¬ 
cent  of  the  above. 


Note:  The  above  regulations  may  be  governed  by  rule  3«03  governing  the 
testing  of  prefabricated  members . 

Art.  3.31  Modulus  of  Longitudinal  Deformation 

3.311  E  =  2,100,000  kg/ cm2  [=  29,840,000  psij 

s 

3.312 

Unless  special  measures  are  taken,  the  longitudinal  modulus  of 

O 

deformation  of  concrete,  expressed  in  kg/cnT  shall  be  taken  as 
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*01  •  T.000  ^ 

for  permanent  loads  and  as 

E  4  =  21,000  •/FT 

cl  J 

for  loads  remaining  on  the  structure  for  2k  hours  or  less.  The  tern  f+  is 

u 

the  concrete  strength  at  an  age  of  J  days  (kg/cm^) . 

These  values  can  be  used  when  the  stresses  do  not  exceed  the  limits 
fixed  in  Section 

If  only  the  28-day  strength  is  available,  one  may  assume  that  the 
values  of  Ei  and  are  those  determined  from  f28’  increased  by  20%  for 
class  250/315  concretes  and  by  10#  for  class  Ill/kOO  and  355/550  concretes. 

Art.  1.22  Class  of  Cement 

The  present  code  and  commentary  assumes  the  use  of  concretes  con¬ 
taining  cements  of  class  250/315** 

Other  classes  may  be  used  if  they  present  the  characteristics 
requisite  for  the  construction  for  which  they  are  employed. 


Art.,  1.23  Proportion  of  Cement 


The  minimum  amount  of  cement  is  used,  in  kg/m^,  should  not  be  less 

than  550  V c  where  c  is  the  minimum  dimension  of  the  aggregate. 

6  S 


*  Note:  The  two  numbers  used  in  referring  to  a  particular  class  of  cement 

represent  the  cube  compressive  strengths  in  kg/ cm2,  at  7  and  28  days 
of  age  respectively,  for  a  standard  mortar  mixture.  The  standard 
mortar  mixture  is  prepared  using  the  cement  under  consideration  and 
sands  of  specified  sizes. 


APPENDIX  B 


DESCRIPTION  OP  COMPUTER  PROGRAM 


B.l  Introductory  Remarks 

This  appendix  contains  a  description  of  the  computer  program  used 
in  the  investigation  of  the  effects  of  finite  column  sizes  upon  deflections 
and  bending  moments  for  typical  interior  panels. 

The  program  contained  a  main  program  and  two  sub -programs .  The 
main  program  generated  N  simultaneous  equations  by  applying  a  finite  dif¬ 
ference  operator  to  N  points  on  the  plate.  The  first  sub-program  solved  for 
the  N  unknowns,  in  this  case  the  deflections  at  the  N  points,  by  triangulation 
of  the  matrix.  The  second  sub-program  used  the  N  deflections  in  computing 
bending  moments  at  each  point  in  the  orthogonal  directions  defined  by  the  two 
centerlines  of  the  plate.  As  a  typical  interior  plate,  which  is  one  of  an  array 
of  similar  uniformly  loaded  plates,  is  symmetrical  about  both  centerlines 
it  was  necessary  to  consider  only  one-fourth  of  a  plate  for  purposes  of 
analysis. 

The  program  was  coded  in  FORTRAN.  Tables  10-12  were  prepared 
using  the  Control  Data  Corporation  No.  1604  electronic  digital  computer  to 
execute  the  program.  The  remainder  of  Tables  7-15  were  prepared  using  the 
ISM  709O.  An  off-line  IBM  1401  was  used  to  transfer  the  program  and  input 
data  from  cards  to  magnetic  tape  for  input  and  for  printing  the  output. 

A  description  of  the  input  data  is  given  in  Section  B.2.  The  finite 
difference  operator  that  was  used  is  discussed  in  Section  B.3-  The  flow 
diagrams  are  described  in  B.4.  Output  data  and  estimated  running  time  are 
discussed  in  B.5.  The  validity  of  the  program  is  shown  in  B.6  and  the  avail¬ 
ability  of  the  program  is  given  in  B.7. 

-263- 


B.2  Input  Bata 


The  three  variables  considered  were  the  aspect  ratio,  the  xatio  of 
column  size  to  panel  size,  and  the  ratio  of  beam  to  plate  rigidity.  The 
program  was  coded  so  that  the  length  of  the  long  side  of  a  panel  remained 
constant  and  only  the  length  of  the  short  side  varied.  The  columns  were 
taken  as  being  square  In  cross  section.  Thus  only  the  ratio  of  column  width 
to  the  length  of  the  long  side  of  the  panel  or  c/L  ratio  was  required  in  the 
input  data  to  define  the  column  size.  Parallel  beams  were  assumed  to  have 
equal  moments  of  inertia.  The  ratio  of  beam  rigidity  in  the  short  direction 
to  that  in  the  long  direction  was  taken  as  constant.  Thus  only  one  input 
parameter  defining  rigidity  was  required. 

One  input  data  card  was  prepared  for  each  case  considered.  The 
first  word  contained  the  length  of  one-half  of  the  short  side,  the  second 
contained  the  c/L  ratio  and  the  third  contained  the  ratio. 

B.3  Finite  Difference  Operator 

For  an  interior  panel,  which  is  one  of  an  array  of  similar  uniformly 
loaded  panels,  there  is  no  rotation  of  the  edges  of  the  panel.  Thus  the 
flexural  stiffnesses  of  the  columns  and  torsional  stiffnesses  of  the  beams 
have  no  effect  and  only  the  plate  and  beam  rigidities  need  be  considered  in 
making  an  analysis. 

The  general  pattern  of  the  finite  difference  operator  for  a  point 
on  a  beam  is  shewn  in  "molecule  notation"  in  Fig.  B.l.  This  pattern  is 
symmetrical  about  the  point  of  application.  The  term  H'  is  defined  as 

H'  =  ~  (B.l) 

where  h  «»  L/n  =  the  spacing  between  grid  lines  or  node  points.  A  value  of 
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n  a  20  was  used  In  coding  the  progxam.  For  a  point  not  falling  on  a  ‘beam 
the  H'  terms  In  Fig.  B.l  would  be  eliminated. 

The  ratio  between  the  moment  of  Inertia  of  a  beam  In  the  short 
direction  to  that  in  the  long  direction  was  taken  as  one  of  three  constant 
values.  These  constant  relationships  were 


I 


S 


=  IL 


I 


S 


(B-2a) 

(B.2b) 

(B.2c) 


From  the  definitions  of  Hg  and  and  equations  B.  1.  and  B.  2  the 
following  relationships  are  found: 


El-  El  n 

HS  =  W  “  "5 ET  = 


"  DL_  DSR  -  LRj  n 

i-m 


(B.5) 

(B.4) 

(b.5) 


where  R  =  S/L. 

The  portion  of  the  operator  falling  on  a  beam  is  given  in  Fig.  B.l 
as 

CEEX  -8-4H*  20»6H'  J—  etc.  (B.6) 

This  may  be  rewritten  as 

-  etc.  (B.7) 


(  1+nH  ^ 

1 - ^  -8-4nH  ^ 

1 - 1 

^  20+6nH  ) 

It  was  desired  to  use  only  values  of  H  in  the  input  data  which  would 

represent  H^.  This  necessitated  the  modification  of  Equation  B.7  to  read 

S - \  S  N  /■  N 


for  use  with  a  point  lying  on  a  long  beam.  For  a  point  lying  on  a  short 
beam  equation  B.7  would  read 


etc. 


(B.9) 


where  R*  had  the  following  values 


=§•  Ratio  Ratio  R' 

“l  h 


1 

R 


B.  4  Flow  Diagrams 

A  general  flow  diagram  for  the  program  is  shown  in  Fig.  B.2  and  a 
detailed  flow  diagram  corresponding  to  the  FORTRAN  coding  'is  given  in  Fig.  B.3. 
The  numbers  on  Fig.  B.2  refer  to  the  notes  given  below. 

Note  1;  The  program  generated  a  matrix  A  (l,J)  containing  I  rows  and  J  columns 

with  the  maximum  value  of  I  being  equal  to  N,  the  number  of  points  on  the 

quartern-plate,  and  the  maximum  value  of  J  being  equal  to  N+l.  Column  number 

4/ 

N+l  was  for  the  load  term  qh  /D  appearing  on  the  right  hand  side  of  the  equation 
given  in  Fig.  B.l.  This  term  was  transposed  to  the  left  side  of  the  equals 
sign  for  entry  into  the  matrix.  For  the  value  of  h  =  L/20  used  in  coding  this 
term  became  -O.OOOOO625.  The  array  reserved  for  the  matrix  contained  (N)(N+l) 
words. 


Note  2:  The  operator  was  applied  at  a  series  of  points  I  on  the  plate  with  I 
taking  successive  values  from  1  to  N.  The  thirteen  elements  of  the  operator 
could  then  be  defined  in  reference  to  the  point  I  by  using  the  thirteen  J 


subscripts  shown  in  Fig.  B.l.  Thus  J7  would  equal  I,  J2  would  equal  1+10, 
etc. 

Note  3:  After  the  J  addresses  were  computed  entries  were  made  in  the  matrix 
by  setting  the  proper  A(l,j)  terms  equal  to  their  corresponding  elements  in 
Fig.  B.l.  Thus  for  I  =  17,  J2  would  be  27,  and  the  entry  A(l7,27)  =  2.0  would 
be  made  into  the  17th  row  -and  the  27th  column  of  the  matrix. 

Note  4:  For  certain  locations  on  the  plate  portions  of  the  operator  would 
fall  on  the  column  or  outside  of  the  lines  of  symmetry  defining  the  quarter- 
plate.  For  these  locations  it  was  necessary  to  modify  the  general  pattern  of 
Fig.  B.l.  In  order  to  determine  the  location  of  a  given  point  on  the  plate 
it  was  necessary  to  establish  a  row  and  a  column  counter  on  the  plate  as  shown 
in  Fig.  B. 4-.  The  IA  counter  established  the  number  of  rows  and  the  JA  counter 
established  the  number  of  columns  of  node  points  measured  from  the  center  of 
the  plate.  Note  that  there  is  no  correspondence  between  the  rows  and  columns 
of  node  points  on  the  plate  and  the  rows  and  columns  of  terms  in  the  matrix. 
The  testing  to  determine  if  modifications  were  necessary  and  the  ensuing 
modifications  of  the  basic  pattern  entailed  the  bulk  of  the  coding  effort. 

Note  5 :  In  order  to  check  the  program  a  number  of  test  problems  were  run  with 
the  entire  matrix  of  (N)(N+l)  terms  being  printed  for  each  problem.  These 
printed  matrices  were  then  checked  by  hand.  After  code  checking  showed  that 
the  program  was  performing  satisfactorily  this  portion  of  the  program  was 
deleted. 

Note  6:  After  the  matrix  was  generated  the  N  unknowns  were  solved  using  a 
standard  subroutine  .. 

Note  7:  Plate  bending  moments  were  computed  using  the  relationship 
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where  represente  the  unit  plate  bending  moment.  Moments  were  computed  in 
the  two  orthogonal  directions  defined  by  the  two  centerlines  of  the  plate. 
Moments  were  computed  for  a  value  of  Poisson's  ratio  equal  to  zero.  Beam 
bending  moments  in  the  long  direction  were  computed  using  the  relationship 


© — © — ©. 


(B.ll) 


For  beams  in  the  short  direction  the  term  R  appearing  in  equation  B.ll  was 
replaced  by  R' . 

Figure  B.3  is  a  detailed  flow  diagram  for  the  main  program.  The 
subprogram  for  computing  moments  used  a  similar  detection  scheme  and  is  not 
shown.  Two  detection  symbols  are  used  in  the  flow  diagram,  one  corresponding 
to  a  two-way  branch,  and  the  other  corresponding  to  a  three-way  branch.  This 
was  done  to  simplify  the  flow  diagram.  The  numbers  on  Fig.  B-3  refer  to  the 
explanatory  notes  given  below.  The  program  was  coded  only  for  the  range  of 
the  c/L  and  S/L  ratios  giver,  in  Tables  7-15- 


Note  1;  The  addresses  of  the  terms  making  up  the  operator  shown  in  Fig.  B.2 
were  computed. 


Note  2:  The  IA  and  JA  counters  were  computed.  For  example,  for  points  lying 
north  of  the  column  IA  =  l+(l-l)/M2  and  JA  =  I-(lA-l) (M2) . 


Note  3:  The  operator  was  applied  to  the  point  in  question  and  the  proper 
entries  made  into  the  matrix. 

Note  4:  The  operator  was  modified  for  effects  of  symmetry  and/or  portions 
of  the  operator  falling  on  the  column. 


Note  5;  The  c/L  ratio  was  referred  to  as  LC  in  coding.  Thus  for  c/L  *  0, 
LC  was  0,  for  c/L  =  0.1,  LC  was  1,  etc. 


B.5  Output  Data  and  Estimation  of  Running  Time 

Output  Data:  Output  data  consisted  of  the  deflections  and  moments  at  the 

N  points  of  the  quarter-plate  considered.  Deflections  were  given  as  coef- 

1*.,  2 
ficients  of  qL  /D  and  moments  were  given  as  coefficients  of  qL  for  plate 

moments  and  as  coefficients  of  qL^  for  beam  moments.  Appropriate  page 

headings  listing  the  input  parameters  and  other  pertinent  information  were 

printed  on  each  page  of  output  data. 

Estimation  of  Running  Time;  Machine  time  required  for  processing  of  the 
FORTRAN  program  into  a  machine  language  program  was  about  two  minutes.  The 
maximum  number  of  equations  was  obtained  for  the  case  of  a  square  plate  having 
a  c/L  ratio  of  zero.  For  this  case  N  was  120.  The  total  time  required  for 
generating  the  matrix,  solution  of  the  matrix,  computation  of  moments,  and 
storage  of  all  output  data  on  the  magnetic  tape  for  eventual  printing  was 
about  three  minutes  for  this  case.  For  other  values  of  N  the  time  required 
for  solution  of  the  matrix  would  vary  nearly  as  the  third  power  of  the  ratios 
of  N  and  the  time  required  for  the  other  portions  of  the  program  would  vary 
about  linearly.  The  total  machine  time  required  for  the  solutions  summarized 
in  Tables  7  through  15  was  about  one  hour. 

B.6  Validity  of  Program 

The  program  was  used  to  solve  a  number  of  known  cases  in  order  to 
check  the  -validity  and  accuracy  of  the  program.  In  Fig.  B.5  deflection 
coefficients  obtained  by  Sutherland  (26)  and  from  the  program  are  shown  plotted 
versus  for  an  aspect  ratio  of  0.8  and  a  c/L  ratio  of  zero.  A  smooth  curve 
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can  be  drawn  through  all  the  points  obtained  by  the  two  methods  for  a  given 
location  on  the  plate  thus  showing  the  validity  of  the  program.  In  general, 
the  deflection  coefficients  obtained  using  the  program  were  up  to  four 
percent  greater  than  those  obtained  by  other  methods.  For  example,  for  a 
square  panel  having  no  supporting  beams  and  point  columns  Timoshenko  (23) 
gives  a  mid -panel  deflection  coefficient  of  O.OO58I  while  the  coefficient 
obtained  using  the  program  was  0.00599  which  was  3*1  percent  greater. 

Similar  agreement  was  found  for  the  bending  moments. 

B.7  Availability 

A  copy  of  the  program  including  a  listing  of  the  input  deck  has  been 
placed  in  the  Computer  Program  Library  of  the  Civil  Engineering  Department, 
University  of  Illinois 
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APPENDIX  C 
ILLUSTRATIVE  EXAMPLE 


C.l  Introductory  Remarks 

This  appendix  contains  a  description  of  the  procedure  followed  in 
using  the  frame  analysis  method  to  determine  the  deflections  of  the  two-way 
slat  with  shallow  beams  (T2) .  Only  the  salient  points  of  the  computations  are 
given;  routine  calculations  are  omitted.  The  layout  and  dimension!}  of  the 
test  structure  are  shown  in  Fig.  5.16.  The  arrangement  of  the  reinforcement 
is  shown  in  Figs.  5.21  -  5.23.  The  total  design  load,  including  75  psf  dead 
load,  was  145  psf. 

For  purposes  of  discussion  the  computations  involved  in  performing 
the  frame  analysis  are  divided  into  the  following  five  areas: 

(1)  Selection  of  frames, 

(2)  Computations  of  stiffnesses  and  carry-over  factors, 

(3)  Determination  of  loading, 

(4)  Computations  of  moments,  slopes,  and  deflections  based 
on  uncracked  sections,  and 

(5)  Computations  of  slopes  and  deflections  based  on  fully 
cracked  sections. 

C.2  Selection  of  Frames 

The  two-way  slab  with  shallow  beams  was  symmetrical  about  both 
centerlines  and  about  both  diagonals.  Hence  it  was  necessary  to  analyze  only 
two  frames.  One  frame  contained  an  interior  row  of  columns  and  beams  and  is 
termed  the  interior  frame.  The  other  frame  contained  an  edge  row  of  columns 
and  beams  and  is  termed  the  edge  frame.  The  dimensions  of  these  two  frames 
are  shown  in  Fig.  C.l. 
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The  following  computations  are  for  the  interior  frame.  Those  for 
the  edge  frame  are  performed  in  a  similar  manner.  There  are  two  different 


types  of  flexural  members  in  the  interior  frame,  the  interior  and  the  end 
beams.  There  are  two  types  of  flexural -torsional  members,  the  edge  column- 
edge  beam  combination  and  the  interior  column-interior  beam  combination. 


(a)  Interior  Beam 

In  cross  section  the  interior  beam  has  the  shape  shown  in  sketch  A. 


1.5" 

1.5" 


SKETCH  A 


The  moment  of  inertia  of  this  section  is  computed  by  considering  it  to  be 
made  up  of  two  parts  as  described  in  Section  4.4-.  The  distance  to  the 
centroid  of  the  cross-hatched  part,  measured  from  the  upper  surface,  is 
1.25  In.  The  moment  of  inertia  of  this  part  is  9*28  in.**  and  that  of  the 
remainder  of  the  section  is  5.06  in.\  The  beam  rigidity  El  may  be  expressed 
in  terms  of  the  total  plate  rigidity  HL.  The  moment  of  inertia  of  a  unit 
width  of  plate  is  0.281  in.^  Taking  L  as  60  in.  gives  the  relationship 
El  =  0 . 850 DL .  For  the  edge  frame  this  relationship  is  El  =  0.61+3EIL. 

Based  on  the  assumption  that  the  beam  may  be  considered  as  infinitely 
stiff  from  the  face  of  a  column  to  its  center,  the  l/EI  diagram  for  the  interior 
beam  has  the  shape  shown  in  sketch  B.  Using  the  column  analogy,  the  stiffhess 
at  either  end  is  computed  to  be  1.250E.  The  choice  of  units  is  immaterial  as 
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sketch  B 


long  as  all  stiffness  computations  are  made  using  the  same  units,  in  this 
case  inches.  The  carry-over  factor  is  0.575* 


(b)  Interior  Beam-Column 

Assuming  the  interior  column  to  be  infinitely  stiff  from  its  inter¬ 
section  with  the  bottom  of  the  interior  beam  to  the  centroid  of  the  interior 
beam,  the  l/EI  diagram  for  this  column  has  the  shape  given  in  sketch  C. 
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SKETCH  C 

The  dimension  1.75  in.  is  the  distance  from  the  bottom  of  the  interior  beam 
to  the  centroid  of  the  area  shown  cross-hatched  in  sketch  A.  A  somewhat 
larger  distance  would  be  taken  if  the  centroid  of  the  entire  cross  section 
shown  in  sketch  A  were  used.  However,  studies  have  shown  that  the  stiffnesses 
computed  are  relatively  insensitive  to  changes  in  this  dimension.  The  flexural 
stiffness  at  A  in  sketch  C  is  40. 2E. 
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The  stiffness  of  the  combined  flexural-torsional  element  may  be 
computed  from  the  relationship 


?t  +  *f 


(C.l) 


where  the  notation  is  described  in  Section  4.4.  The  value  of  may  be 
computed  from  the  flexural  stiffness  of  the  Interior  column  as 


0.9  0.0224 


(C.2) 


The  torsional  stiffness  of  the  beam  framing  into  the  column  from  a 


direction  perpendicular  to  the  longitudinal  axis  of  the  frame  may  readi'y  be 
determined  once  the  value  of  C  has  been  computed.  Using  Fig.  4.4  the  value 
of  C  for  the  section  shown  cross-hatched  in  sketch  A  is  found  to  be  12.8  inA 
for  the  edge  beam  the  value  of  C  is  12.0  in. 

The  assumed  unit  rotation  diagram  for  one-half  of  the  interior  beam, 
measured  from  center  of  beam  to  center  of  column,  is  shown  in  sketch  D. 


SKETCH  D 


The  value  of  fl^,  which  is  equal  to  one-half  the  area  shown  as  cross  hatched 
in  sketch  D,  is  computed  to  be  0.264/E. 

The  final  stiffness  of  the  combined  torsional-flexural  member  is 


“be  = 


0.264/E  +  0.0221 


3°15E 


(C.J) 


1 
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The  stiffnesses  and  carry-over  factors  for  both  the  interior  and  edge  frames 
are  shown  in  sketch  B.  The  direction  for  which  each  carry-over  factor  is 
valid  is  indicated  by  an  arrow. 
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SKETCH  E 


C.4.  Determination  of  Loading 

Since  each  panel  of  the  structure  was  square  the  loading  to  be 
applied  to  each  of  the  frames  was  the  same  as  that  shown  in  Fig.  4.2. 

C. 5>  Computations  of  Moments,  Slopes,  and  Deflections  for  Uncracked  Sections 
(a)  Moments 

The  line  representation  of  each  of  the  frames  is  shown  in  sketch  E 
above.  The  fixed-end  moments  for  each  of  the  spans  of  the  interior  frame, 

computed  by  taking  "a"  as  0.2,  "b"  as  0.0  and  "q"'  as  0.6qL  in  Table  18,  are 

3  3 

0.05448qL  ,  and  the  static  moment  is  0.0860qL  .  The  fixed-end  moments  and 

static  moments  for  the  edge  frame  spans  are  one-half  those  for  the  interior 

frame.  The  final  end  moments  and  mid-span  moments  determined  using  the  Cross 

moment -distribution  procedure  are  shown  in  sketch  F.  The  moments  are  given 

in  terms  of  qlA 
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SKETCH  F 

(b)  SIopeB 

The  slope  at  the  end  of  a  beam  may  be  determined  by  dividing  the 
moment  acting  on  the  column  into  which  the  beam  frames  by  the  stiffness  of 
the  column.  The  stiffness  for  the  interior  column  is  3.15E.  Note  that  the 
"column"  referred  to  here  is  the  combined  flexural- torsional  element  and  not 
the  purely  flexural  element  shown  in  sketch  C.  The  stiffness  of  the  interior 
column  may  be  expressed  in  terms  of  the  unit  plate  rigidity  D  as  follows: 


1  uyga) .  u.170 


(c.k) 


Dividing  the  bending  moment  acting  on  column  C  in  sketch  F  by  this  stiffness 
gives 


(C.5) 


A  summary  of  the  slopes  computed  for  the  columns  shown  in  sketch  F  is  given 


below. 


Point 


Slope 

A  0.00431 

c  0.00058 

E  0.00381 

G  O.OOO69 

The  slopes  are  given  in  units  of  qL^/D.  The  sense  of  the  slopes  may  be 
determined  from  sketch  F. 

(c)  Deflections 

The  total  deflection  at  the  center  of  a  span  of  the  ersatz  frame 
is  the  sum  of  the  deflections  caused  by  the  applied  loads  with  the  ends  fixed 
and  the  deflections  resulting  from  the  end  rotations.  The  deflection  caused 
by  the  uniformly  distributed  portion  of  the  load  may  be  readily  computed  using 
known  coefficients.  The  deflection  caused  by  the  "roof-top"  portion  of  the 
load  may  be  determined  using  Table  18.  The  deflection  at  mid-span  of  a  beam 
of  length  L  caused  by  an  induced  end  rotation  of  magnitude  9  is  SL/8  assuming 
the  end  not  rotated  to  be  fixed.  There  is  an  additional  deflection  at  the 
mid-span  of  the  beam  resulting  from  the  deflection  of  the  ends  of  the  beam  in 
respect  to  the  columns  into  which  it  frames. 

The  computations  for  the  deflection  at  point  D  in  sketch  F  are 
given  below.  In  making  these  computations  it  is  necessary  to  deal  with  the 
clear  span.  Tne  portions  of  the  total  span  lying  between  column  centers  and 
column  faces  are  assumed  to  be  rigid  as  shown  in  sketch  G. 


SKETCH  G 
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Effect  of  uniformly  distributed  load 

Effect  of  ’'roof-top"  loading 

a  .  5^  -  0.167,  b  •  0 

a-§b!  -  '■****  4  <c-« 

Effect  of  Qr  (both  ends) 

*-'4-  -2^  (O-^  4  ■  -o-000^  ^  (c-8) 

Effect  o*  End  Deflection  (both  ends) 

3  4 

A  =  (ec)(o.05L)  =  -0.00058  3|-  (0.05L)  =  -0.000029  (C.9) 

The  final  deflection  is  the  sum  of  the  four  terms  listed  above  and  is 

t4 

A  =  0.00132  Sii-  (C.10) 

In  like  manner  the  deflections  at  the  remaining  mid-beam  points  may  be 
determined.  Once  the  mid-beam  deflections  and  the  column  rotations  are  known, 
the  mid-panel  deflections  are  computed  using  Eqs.  4.8  -  4.10.  Thus  the  de¬ 
flection  at  the  center  of  the  interior  panel  is  computed  as 

4.  it  3  4 

A  =  0.00132  +  0.00153  3|-  -  0.21(0.00058  )  =  0.00273  (c.11) 

C.6  Computations  of  Slopes  and  Deflections  Based  on  Fully  Cracked  Sections 
The  rotation  of  e  column,  assuming  it  to  be  fully  cracked,  is 
computed  by  multiplying  the  rotation  computed  on  the  basis  of  the  uncracked 


section  to  that  of  the  cracked  aection.  The  rotations  computed  in  this  manner 
are  given  below  in  terms  of  qL^/D. 

Point  Slope 

A  0.0202 

C  0.0016 

E  0.0179 

G  0.0019 

The  mid-beam  "fully  cracked  deflection"  is  computed  by  multiplying 
the  "uncracked  deflection"  by  the  ratio  of  the  "uncracked  moment  of  inertia" 
to  the  average  "fully  cracked  moment  of  inertia."  For  the  interior  beam 
containing  point  D  in  sketch  F  the  uncracked  moment  of  inertia  is  14-34  in.1* 
and  the  average  fully  cracked  moment  of  inertia  is  6.04  in.1*  Hence  the 
mid-beam  deflection  is 

4  4 

A  =  0.00132  Si-  =  0.00314  (C12) 

For  a  member  which  contains  no  compressive  reinforcement  the  moment 
of  inertia  of  the  fully  cracked  section  may  be  computed  using  the  relationship 

Icr  -  rABd2(l-k)j  (C.13) 

where  I  is  the  cracked  moment  of  inertia, 
cr 

n  is  the  modular  ratio  =  E  /E  , 

s'  c 

E  ,  E  =  moduli  of  elasticity  of  steel  and  concrete,  respectively, 
s  c 

Ag  =  cross-sectional  area  of  tensile  reinforcement, 

d  =  depth  from  compressive  face  of  member  to  centroid  of  tensile 
reinforcement, 

kd  =  depth  from  compressive  face  of  member  to  point  of  application 
of  resultant  of  compressive  stresses,  and 

Jd  =  distance  between  points  of  application  of  resultants  of 
compressive  and  tensile  forces. 


For  a  member  containing  compreqsive  reinforcement  the  moment  of  inertia  for 
the  fully  cracked  section  may  be  computed  using  Table  11  in  the  Reinforced 
Concrete  Resign  Handbook,  Second  Edition,  1955- 
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